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IKIEN THUC CAN NHO
L/CAC CONG THUC BIEN POI LUONG GIAC
1.CONG THUC CONG 2.CONG THUC NHAN POI
cos(a + b) = cosa.cosb — sina.sinb cos2a = cos’a — sin‘a
cos(a - b) = cosa.cosb + sina.sinb =2cos’a -1
sin(a + b) = sina.cosb + cosa.sinb =1-2sin’a
sin(a - b) = sina.cosb - cosa.sinb sin2a = 2.sina.cosa

tana + tanb 2.tana

tan(a +b)=7" tana.tanb tan2a =7~ tan’a

tana - tanb
1 + tana.tanb

tan(a-b) =
1+ cos2a

2
. 2 l-cos2a
Sin a = T
4.CONG THU'C BIEN POI TONG THANH TICH

a+b a-b
cosa + cosb = 2.cos 5 C0s T

3.CONG THUC HA BAC cos’a =

.a+b . a-b
cosa - cosb = -2.sin 7 -sinT

) . . a+b a-b
sina + sinb = 2.sin 5 -C08 5

) ) a+b . a-b
sina - sinb = 2.cos 5 SinT5—

sin(a +b)

cosacosb
sin(a—>b)
. ] ) ocosqcosb . )
5.CONG THUC BIEN POI TICH THANH TONG

cosa.cosb = ) [cos(a — b) + cos(a + b)]

tana +tanb =

tana—tanb =

sina.sinb = ) [cos(a—Db) - cos(a + b)]

sin acosbz% [sin(a+b) +sin(a—b)]

cosasinb:% [sin(a+b)—sin(a—b)]

II/Céac hang ding thirc lrong gidc co ban :

sin

) ) V4
e sina+cos’a=1 * tanQa = (voi Va¢5+k7r,ke Z)

cosox

o 1 V4
S0 (Vi Vx#km ke Z) Ftan’@ = (v Var kT ke Z)

sin @ cos™ o

* cota=

(vé6i Vx#kmr ke Z)

e cot’a+l=— >
sin” o
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krx
e tanacota=1 (véi Va;z&?,ke Z)

Cung hon kém k27 va k :
o sin(x+k27)=sinx

o tan(x+kx)=tanx

+ Cung doi :
e sin(—x)=-sinx

e tan(-x)=—tanx
Cung bu :
e sin(7—x)=sinx

e tan(7—x)=—tanx

Cung phu :

. T
® SIn|——x|=cosx
(2 j
T
° tan(a—szcotx

Cung hon kém /2 :

. T
® SIn|—+Xx|=CoSx
[2 j
T
° tan(5+xj=—cotx

Cung hon kém 7 :
e sin(7+x)=—sinx

tan (7 +x)=tanx

Cong thirc chia doi :

X 1—cosx
° s1n—=i‘f—
2 2
X l1—-cosx 1-—cosx
e fan—=1% =——
2 1+cosx sin x

Cong thirc nhin ba :
e sin3x=3sinx—4sin’ x

3
e cos3x=4cos  x—3cosx

cos(x+k27x)=cosx

cot(x+km)=cotx

cos(—x) =cosx

cot(—x)=—cotx

cos(7—x)=—cosx

cot (7 —x)=—cotx

T .
COS| ——Xx |=SsInx
(2 j
T
cot| ——x |=tanx
2

w .
COS(E+ Xj =-—S1mx

T
CO{E_"XJ =—tan x

cos(7+x)=—cosx

cot(7+x)=cotx
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3
. tan3x=3tanx tan X(Vx,3x¢§+k7[j

1-3tan’ x
cot’ x—3cotx(

5 Vx,3x # k1)
3cot“x—1

e cot3x=

Cong thirc ha bac :

e sin’x =%(1—cos 2x)

° tanzx=M Vx¢£+k7r
1+cos2x 2

3sin x —sin3x
4

-3
¢ sSIn x=

Cong thirc theo 1 = tan% :

2t 1-1¢

® sinx=

1+¢* 1+¢°

cos” x = %(1 +c0s2x)

1+cos2x
cot? x ==X (v g
1—sin2x
3 3cosx+cos3x
cos’ x =

r 5wt 3r 27 LA T T LA T 17 17 v
a 'TC - - - - - - - 0 - - - - - — _— n
< |d 6 4 3 2 3 4 6 6 4 3 2 3 4 6
2-180" -150° | -135° | -120° | -90° | -60° | -45° | -30° | 0 | 30° 45° 60° | 90° | 120° | 135° | 150° | 180°
. 1
sin | o | A [A2 | AB | |AB A2 | Ly 2 BB a2 L
2 2 2 2 2 2 2 2 2 2 2
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B I Y e S O I O /A VR SV I VP A I S PO R S P R IV I
2 2 2 2 2 2 2 2 2 2 2 2
t 0 L 1 I 1 L 0 L 1 I 1 =R 0
an NE \3 A3 | 0 \3 A3 | LR
1 1 1 1
cot | I \[3 1 NE 0 |- NE A1 A3 [A3 ] 1 NE 0 |- NE -1 | A3 0
KIEN THUC CO BAN
y = sinx y =cosx y =tanx y = cotx
A T
Tap  Ip_g D=R D=R\{= +kn} |D=R\{kn}
xac dinh 2
A E SIS T=[-1:1] R R
gia tri
Chu ky T=2n T=2mn T=mn T=mn
Timh o Ch#n L& L&
chan le
DBng bién trén:
T oon: _+ O Dong bién trén: DPong bi€n trén mdi
Syt bién 2 (-m+k2m;k2n) | khodng: Nghich bién trén mdi
thién Nghich bién trén: Nghich bién trén: T T khodng: (k7 ; m+kn )
—E‘l‘ km 5 E‘l‘ km
k2m ; mw+k2
(—+k2 —+k2nj (k2m; m+k2m)
2
T T T T
X -T - 0 — T X - —
2 2 2 2
1 o0
=si 0 0 ™ =t '
Bang y = sInx ~ 1 P y = tanx
bié€n B e
thién X - 0 X 0 T
1 oo
Yy =COSX / \ y = cotx \
-1 — —o00
H —mi 2 i iz =
2#®r\y 72 \/2;' — ‘”Jﬁ 1 ”J -
D\ﬁ thi ) -1 = = ) [ =]
y = sinx y =tanx
y = COSX y = cotx
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II.CAC PHUONG TRINH LUONG GIAC THUONG GAP
1.Phuong trinh sinx=a.(-1<a<1)

x=a+k2x

x = arcsina+k27 ) ) )
ke Z +sinx = sin0 < s ke Z(a=sinQ)

x=rT—-o+k2x

sinX = a & ]
x =7 —arcsina+k2 7

sinx=0<x=km; ke Z

sinX:1<:>X:g+k2Tc;ke Z

SiIlXZ—l(Z}X:—g+k2R;kG Z

2.Phwong trinh cosx=a.(-1<a<1)

x=a+k2x
ke Z +cosx =coso & ke Z(a=cosq)
x=—a+k27w

x = arccosa+k27
cosx =a &
x = —arccosa+k27x

cosx:O(:)x:% +km ke Z

cosx=1<x=k2n; ke Z
cosx=-lox=m+k2n; ke Z
3.Phwong trinh tanx=a.

TXD: [ \{%Hm’,ke D}

+tanx=a < x=arctana+kz ke [ +tanx=tana < x=a+kr kel

tanx=1 x=%+kﬂ,ke O

tanx=-1 & x=—% +kr kel

tanx=0 < x=kx, kel
4.Phwong trinh cotx=a.
TXD: 0 \{k7,kel}

+cot x=a < x=arccota+kz kel +cotx=cotax < x=a+kr.kell
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cotx=1 & x=%+k7£,ke U
.4
cotx=-1 & x=—z+k7[,ke O

cotx=0 & X=%+kﬂ',k€ O

III.CAC PHUONG TRINH LUONG GIAC THUONG GAP.
1.Phwong trinh a.sinx+bcosx=c (a2 +b*#0)

SINX+——

\/7 \/7 COSX=——c— m

< a’ +b
dat:
. b
sino =

Ja* +b?

. U . . c
phuong trinh tr¢ thanh: sinxcosa + cosx sin & =

Ja* +b?
c
\Ja* +b?
*Chu y

+Phuong trinh ¢6 nghiém khi ¢* < a® + b’

Ssin(x+a) =

. ) b
+Néu ab#0,c=0 thi:asinx+bcosx=0< tanx=——
a

2.Phwong trinh : asin’x+bsinxcosx+ccos’x=0 (1)
+Néu a = 0: bsinxcosx+ccos’x =0

) cosx=0
< cosx(bsinx+ccosx)=0 |
bsinx+ccosx=0

+Néu ¢ = 0: asin’x+bsinxcosx=0
sinx=0

< sinx(asinx+bcosx)=0 < |
asinx+bcosx=0

sin’x sinxcosx cos’x

+Néu a#0,c#0,cosx#0: (1) & a——+b +c =0

cos’x cos’x cos’x
& atan® x+btanx+c=0

IV /Céc két qua thwong dung :
. sinx+cosx=\/§sin(x+§j:\/ECOS(X_%)

° sinx—cosxzx/zsin[x—%jz— 2cos(x+%j

* tanx+cotx= —200t2x(Vx # k%j
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_ 2 (‘v’x * kzj
sin 2x 2

. 3 1
e sin‘x+cos* x="+—cosdx
4 4

tan x —cotx =

. 5 3
° s1n6x+cos6x=§+§cos4x

o J+sinx= 2cosz(%—fj

2
3 1—sinx=25in2(£—£j
4 2
\/Ecos x—z \/Esin Z—x
4 4
e J+tanx= l-tanx =
COS X COS X

V/ Céac hing ding thirc trong tam gidc :

. . . A B
o sinA+sinB+sinC = 4c0s5c0s5cos%

e cosA+cosB+cosC :1+4sin§sin§sin%

o tanA+tanB+tanC =tan Atan BtanC
o cotAcotB+cotBcotC+cotCcotA=1

o cos’A+cos’B+cos’C=1-2cosAcosBcosC

e sin®A+sin’>B+sin’C =2+2cosAcos BcosC
o sSin2A+sin2B+sin2C =4sin Asin BsinC
o Cc0s2A+cos2B+cos2C =—1—4cos Acos BcosC

A B C A B C
® cot—+cot—+cot— = cot—cot—cot—
2 2 2 2 2 2

A B B C C A
e tan—tan—+tan—tan—+tan—tan— =1
2 2 2 2 2 2

VI/Cac phwong trinh lwong gidc thwong gap :

Cac ho nghiém co bén :
u=v+k2zw

u=v+k2z

e sinu=sinv& COSU = COSV & (Vkel)
u=nw-v+k2rzw u=—-v+k2rx
V3
+—+Ir zIlr
o tanu=tanves ] 2 (Vk,lel) cotu =cotv & Y (Vk,lel)
U= vk u=v+krx
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1/Phwong trinh bic nhat theo mét ham so6 lwong gidc cia u :

sinu =— (1)
a
asinu+b=0 —b
cosu =—;(2)
) acosu+b=0 a
C6 dang: a#z0—>
atanu+b=0 —-b
tanu = —(3)
acotu+b=0 a
cotu =—(4)
a
Dbi véi cac phuong trinh (1) va (2) can ¢ thém diéu kién |—| <1
a
. -b [—ﬂ' n}
sina = —;, € | —;—
a 2 2
Chon otsao cho |eo5q = “2 . g c [0,7] = dua vé céc ho nghiém co ban dé giai.
a
-b -7 T
tan = —;¢ € | —;—
a [2 2}

cota = i;0{ € [O;fr]
a
1.
2. Phwong trinh bic hai theo mét ham s6 lwong gidc ciia u :

. ) sinu =t
asin“u+bsinu+c=0 |t|Sl
R cosu =t
. acos"u+bcosu+c=0 5
C6 dang: ) ;a#0.Dbat [tanu =t
atan"u+btanu+c =0
cotu=t

acot*u+btanu+c=0

— Phuong trinh béc hai at” + bt + ¢ =0
Giai phuong trinh tim t (xét di€u kién néu c6) = cac hg nghi¢ém co ban, gidi tim x
3. Cac dang khac :

Dang cia phwong trinh Phwong phap giai
Dang 1 : Phuong trinh bac nhat hodc béc hai d6i
v6i f(x),trong d6 f(x) 12 mot biéu thirc luong gidc Dit 4n phu t = f(x).
nao do.
Cach1:

Bién d6i vé trdi vé dang Csin(x+ @) voi

C =+ a* +b* ,o1a s6 thuc sao cho

cosa = va sino =

a b
\/a2+b2 \/a2+b2'

Dang 2 : Phuong trinh bac nhat ddi véi sin x va
COS X.

Cach2:
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¢ Tim nghi¢m thoa cos% =0.

) X e X
e Véi COSE-'#O thi dat t=tan§ ta

1-¢*

co:sin x = >

—;C0sx = Pua

1+1¢ 1+1¢
phuong trinh da cho thanh phuong

trinh bac hai theo 4n t.

Dang 3 : Phuong trinh ddi xtng véi sin x va bat
cosx : T
. . =sinx+cosx=+2sin| 1+ e[ —/2;2
e a(sinx+cosx)+bsinxcosx+c=0 |7 SMFECOSX Jas (x 4) Va2
e a(sinx—cosx)+bsinxcosx+c=0 _ -1
thi sinxcosx =% )

Cach1:

¢ Tim nghi¢ém thoa cosx=0.
} o * V&i cosx # 0 thi chia hai vé ciia
Dang 4 : Phuong trinh thuan bac hai doi véi phuong trinh cho co 2 x dé dua

SInx va C(;S X ) phuong trinh da cho vé dang phuong
asin” x+bsinxcosx+ccos” x =0 trinh bac hai theo 4n tan x.

Véia®+b>+c”#0 Céach 2 :

e Tim nghiém thoa sinx =0

e Vi sinx # 0 thi chia hai vé cua
phuong trinh cho sin’ x dé dua
phuong trinh da cho vé dang phuong
trinh bac hai theo 4n cot x.

Dang 5 : Phuong trinh thuan bac ba d6i voi Cich giai twong tu nhu phuong trinh thuan

SIn X va Cos X :

nhit bac hai nhung chia hai vé cho cos’ x

- .3 3 s 2 . 2 . N 2
asin® x+bcos” x+csin” xcos x +d sin xcos” x| hogc sin’ x va chd y 4p dung céc hing ding
thirc luong gidc co ban.

+esinx+ fcosx=0
4. Két hop cong thirc nghiém :

Két hop cong thirc nghiém trong cdc PTLG chang nhitng gidp cho ta ¢ thé loai duoc nghiém ngoai lai
ma cdn c6 thé 6 duge mot cong thirc nghiém don gian hon, tir 46 viée giai quyét bai todn tré nén don
gian hon (giéng nhu bai todn ma ta vira xét & trén). Doi ldc viée két hop cong thirc nghiém ciing twong tu
nhu viéc giai mot hé phuong trinh lugng gidc co ban bang phwong phdp thé. O day ta khdéng dé cip dén
phuong phdp nay ma ta chi néi dén hai phwong phdp chi yéu sau :

a) Dbuong tron lugng gidc
* Cac khai niém co ban :
e Dudng tron lugng gidc: 1a duong tron c¢6 ban kinh don vi R = 1va trén d6 ta da chon mot chiéu

duong (+) (thdng thudng chiéu duong la chiéu nguoc chiéu kim dong ho)



Truong em http://truongem.com

¢ Cung luong giéc: AB (v6i A, B 1a 2 diém trén dudng tron luong gidc) 12 cung vach boi diém M di
chuyén trén duong tron lugng gidc theo mot chidu nhét dinh tir A dén B.

e Goéc luong gidc: khdc véi gée binh thuong géc luong gide ¢6 mot chiéu nhit dinh

*Phwong phap biéu dién géc va cung lwong gidc :

e Bicu dién céc diém ngon cua cung luong giac biét s6 do cd dang o + kr:

Ta dua sb do vé dang a+k2—7[.
m

Mot s6 cong thire chinh dwge diing nhiéu ¢ phwong phép nay :
1. cotgx—tgx=2cotg2x

2. cotgx+igx=

sin 2x

3.

- —cotgx=—cotg 2x
sin 2x

10
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TO HOP VA XAC SUAT
Bai 1. QUI TAC PEM

1/QUY TAC CONG

QUY TAC

Mot cong viéc duge hoan thanh boi mét trong hai hanh dong. Néu hanh dong nay c6 m cach thyc hién, hanh
dong kia c6 n cach thuc hién khong trung véi bét ki cdch ndo ctia hanh dong thir nhét thi cdng viéc d6 c6 m+n
cach thuc hién.

Cha y . Quy tic cong c6 thé md rong cho nhiéu truong hop.

2/ QUY TAC NHAN

QUY TAC

Mot cong viéc duoc hoan thanh béi mot trong hai hanh dong lién tiép. Néu c6 m céch thyc hién hanh dong thu
nhét va ung véi mdi cdch d6 c6 n cdch thuc hién hanh dong thir hai thi ¢6 m.n cach hoan thanh cong viéc.

Chii ¥ . Quy tic nhan c6 thé mé rong cho nhiéu truong hop.

Bai 2.HOAN VI - CHINH HOP - T6 HQOP
HOAN VI

1. Pinh nghia : Cho tip hop A gom n phin t& (n > 1) . Mdi két qua cia sy sdp thi tw n phin t& ciia tip hop A
dudc goi 12 mot hodn vi clia n phian tir d6

1. Giai thira:

n!=123.n Qui uoc: 0! = 1
n! =(n-1)n
!
”—": (p+1).(p+2).n (vdi n>p)
p!
— = (n—p+1).(n-p+2)..n (vdi n>p)
(n—=p)!

2. Hoan vi (khong lap):
Mot tép hop gom n phdn tit (n > 1). Mbi cdch sdp xép n phdn tit nay theo mot thit ty nao dé duogc
goi la mot hodn vi ciia n phan tit.

S6 cdc hodn vi cian phantitla:  P,=n! =1.23.....(n-1).n

3. Hoan vi lap:
Cho k phan tit khdc nhau: aj, a, ..., ar. Mot cdch sdp xép n phdn tit trong dé goém n; phdn tit aj, ny
phan tit ay, ..., ng phan tit a; (nj+nx+ ...+ g, = n) theo mot thit tw nao dé dvoc goi la mot hodn vi
ldp cdp nva kiéu (ny, no, ..., ni) ciia k phdn tit.
S& cdc hodn vi ldp cdp n, kiéu (n;, na, ..., ny) ciia k phan tiz la:
P.(n;, ny, .., ng) = n—'
nln,!l.n!
4. Hoan vi vong quanh:
Cho tdp A gom n phan tit. Mot cdch sdp xép n phdn ti ciia tdp A thanh mét ddy kin duoc goi la
mot hodn vi vong quanh ciia n phan tit.
S6 cdc hodn vi vong quanh ciia n phan tit la:  Q, = (n—1)!

11
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CHINH HOP

1. Pinh nghia : Cho tdp hdp A c6 nphan ti(n>1) .
Két qua ciia viéc 14y k phan tir khdc nhau tir n phin tir ca tap hop A va sip thir ty ching theo mot thi tu nao dé
dudc goi 12 mot chinh hgp chip k cda n phan t Clcho.

2. S6 chinh hgp chip k ciia n phén ti :

|
N&u ki hiéu s& chinh hop chip k canphan tirla A" thi A =—"

"=kl

1. Chinh hgp (khong lip):
Cho tdp hop A gobm n phin tir. Mbi cdch sdp xép k phan tit ciia A (1 <k <n) theo mot thit tu nao
déduoc goi la mot chinh hop chdp k ciia n phén tik ciia tdp A.

n!

(n—k)!

S6 chinh hop chdp k ciia n phan tit: ArllC =n(n-)(n-2)..(n—-k+1)=

e Cong thiic trén ciing dung cho truong hop k = 0 hodc k = n.
eKhik=nthi A'=P,=n!

2. Chinh hgp liap:
Cho tdp A gom n phan nit. Mot day gdm k phdn tit ciia A, trong dé mébi phdn tit cé thé duge ldp lai
nhiéu lan, duoc sdp xép theo mot thit tw nhdt dinh duoc goi la mot chinh hop ldp chdp k ciia n
phan tit ciia tdp A.

Soa chanh hoip laép chadp k culia n phaan toa: Arlf =n*

TO HOP

.Dinh nghia : Cho tdp hgp A c6 n phan tif (n > 1). Mdi tAp con gdom k phan tf ctia A (1 <k < n) dugc goi l1a
12 mot t6 hgp chap k clia n phan tif .

1. T6 hgp (khong Lip):
Cho tdp A goém n phan tit. Mbi tdp con gom k (1 <k <n) phdn tit ciia A duoc goi la mot t6 hop
chdp k ciia n phén ti.

'
S6 cdc t6 hop chdp k ciia n phan tit: ck=_—_"
op chdp p =
e Qui woc: C° = 1
0_ _
c=c'=1
k _ n—k
Tinh chdt € =G
inh chdt: k _ k=1, ~k
Cn _Cn—l +Cn—1
k_l’l—k-l-l k=1
Cn ——Cn

2. T4 hop Lip:
Cho tdp A = {al;az;...;an} va sO tu nhién k bat ki. Mot to hop ldp chdp k cita n phan tit 1o mot
hop gom k phan tiZ, trong dé mdi phan tit la mot trong n phdn ti cia A.

S&'t6 hop Idp chdp k ciia n phan tit: C,]f = C,]f el = C21+_kl_l

12



Truong em

http://truongem.com

3. Phén biét chinh hgp va té hop:
e Chinh hop va t6 hop lién hé nhau bdi cong thitc: Arlf = k!CLC

e Chinh hop: cé thit tw. T6 hop: khong cé thit ty.

= Nhiing bai todn ma két qud phu thudc vao vi tri cdc phdn tit —> chinh hop
Nguoe lai, 1o t6 hop.

e Cdch ldy k phan tit tie tap n phdn ti (k <n):

+ Khong thit tu, khong hoan lai: C,]f
+ C6 thit tu, khong hoan lai: A
+ C6 thit tu, ¢6 hoan lai: Al

Bai 3 .NHI THUC NIUTON

1. Cong thirc nhi thirc Niu ton
(a+b)'=Cla"+C.a" ' b+Ca" D+t Ca" b 4ot O ab"™ +C'0" (1)

-3 Care)
k=0

Hé qua
Véiazb=1,taco: 2" =Co +Ch+..+ Ch
Véia=lb=1,tac6:0= Co— Ch+...+ (1) CE+ .+ (-1)" C"

Chi ¥ .Trong biéu thirc & vé phii ciia cong thire (1)
a/ SO cdc hang tr1a (n +1).

b/ Céc hang tir c6 sO mil cia a giam dan tir n dén 0, sO mil ciia b tdng dan tir O dén n , nhung tong cic sO6 mii cia

a va b trong mdi hang tir ludn bang n ( qui wéc a’=b’=1)

¢/ Céc hé s6 ctia mdi hang tir céch déu hai hang tir ¢au va cudi thi bang nhau.
2. Tam gidc Pa-xcan

n=0 1

n=1 1 1

n=2 1 2 1

n=3 1 3 3 1

n=4 1 4 6 4 1

n=5 1 5 10 10 5 1

Nhan xét

k _ ~k-1 k
Cn - Cn—l + Cn—l

1. Cong thidc khai trién nhi thitc Newton: Vi moi neN va véi moi cdp s6 a, b ta co:

n
(a+b)" =Y Cra"*pt
k=0
2. Tinh chat:
1) 86 cdc s6 hang ciia khai trién bing n + 1
2) Tong cdc s& mii ciia a va b trong mdi s6 hang bang n

13
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3) SO hang tong qudt (thit k+1) c¢6 dang: Try; = C,fa"_kbk (k=012 .., n)
4) Cdc he sé ciia cdc cdp s6 hang cdch déu s6" hang dau va cudi thi bing nhau:
ck=cr*
s5)cl=cr=1, clyck=ct,
* Nhan xét: Néu trong khai trién nhi thitc Newton, ta gdn cho a va b nhitng gid tri ddc biét thi ta
sé thu dugc nhitng cong thiic ddc biét. Chaeng han:
(1+x)"= COx" +Clx" " +..+C" = Cl+C +..+Cr=2"

(x=1)"= COx" —Clx" " +..+(=1)"C" = CV-Cl 4. +(=1)"C' =0

Bai 4. PHEP THU VA BIEN CO

I- PHEP THU, KHONG GIAN MAU

1/ Phép thir
Phép thir ngau nhién 1a phép thir ma ta khong dodn trude dugc két qua ciia né, mic di da biét tap hop tat ca cic két
qué c6 thé ctia phép thir do.
2/ Khong gian miu
Tap hop céc két qua c6 thé xay ra ctia mot phép thir dwoc goi 1a khong gian mau ctia phép thir va ki hiéu 1a Q
II-  BIEN CO
Bién ¢6 12 mot tap con cuia khong gian mau
Tap @ duoc goi la bién cb khong thé . Con tap Q duoc goi la bién ¢ chéc chéan.
III- PHEP TOAN TREN CAC BIEN CO
Tap Q\A duoc goi 12 bién cb dbi cua bién cb A, ki hidu la A
Tap AUB dugc goi 1a hop cua céc bién cd A va B.
Tap ANB dugc goi 1a giao cuia cac bién cd A va B.
Néu A NB=@ thi ta néi A va B xung khic.
Chiy : AUB xay rakhi va chi khi A xdy ra hodc B xayra .
ANB xay ra khi va chi khi A va B dong thdi xay ra . Bién ¢ ANB con dugc ki hiéu A.B
A va B xung khic khi va chi khi chiing khong khi nao cling xay ra.

Bai 5. XAC SUAT CUA BIEN CO

I/ DINH NGHIA CO PIEN CUA XAC SUAT

Dinh n hia r r r r r 1 r r
Gia sir A bién co0 lién quan dén mot phép thir chi ¢6 mdt so hitu han két qua dong kha nang xuat hién. Ta goi ti s

n(A) 1a xdc suat cua bién cd A, ki hiéu 1a P(A) Vay P(A) = n(A)
n(Q) n(Q)
Chii ¥y n(A) la s phan tir cia A
n( L) 12 s6 céc két qua c6 thé xay ra ctia phép thir.
II/ TINH CHAT CUA XAC SUAT
1/ Pinh li
a/ P(D) =0, P(2)=1
b/ 0 <P(A)<1, véi moi bién cb A
¢/ Néu A va B xung khéc thi P(A U B ) = P(A)+P(B)
Hé qua : Vi moi bién ¢d A, ta c6 P(A)z 1- P(A)
11/ CAC BIEN CO POC LAP, CONG THUC NHAN XAC SUAT
A va B 1a hai bién cb doc lap khi va chi khi P(AB)=P(A).P(B)

1. Bién co
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e Khong gian mdu 2: 1o tdp cdc két qud cé thé xdy ra ciia mot phép thit.
® Bién c6 A: la tdp cdc két qud ciia phép thit lam xdy ra A. A < 2.

® Bién c6 khong: & e Bién c6 chdc chdn: 2
e Bién cd ddicia A: A=R2\A
® Hop hai bién c6: A UB ® Giao hai bién c6: A N B (hodic A.B)

e Hai bién c6 xung khdc: ANB = &
® Hai bién c6 doc lap: néu viéc xdy ra bién cd nay khong dnh hudng dén viéc xdy ra bién c6 kia.
2. X4c suat
n(A)
n(£2)
e 0<PA)<I; P2 =1 PO =0
e Qui tdc cong: NéuA N B = @ thi P(A UB) = P(A) + P(B)
Md& rong: A, B bét ki: P(A UB) = P(A) + P(B) — P(A.B)
eP(A)=1-P(A)
® Qui taéc nhaan: Nedu A, B fiodc ladp thi P(A.B) = P(A). P(B)
1. Bi€n ngiu nhién rdi rac
* X = {x;, X2, ... Xp}
o P(X=xi) = py pr+pr+ . +p,=1
2. Ki vong (gia tri trung binh)
n
eu=EX)= Y xp
i=1
3. Phuong sai va do 1éch chuén
VX)= Y5, p, = Y, i e a1x) = JV(X)

o Xdc sudt ciia bién c6: P(A) =
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CHUONG III

§1. PHUONG PHAP QUY NAP TOAN HOC

A. LY THUYET

Pé chitng minh ménh dé chira bién A(n) la mot ménh daé diing voi moi gid tri nguyén dwong n, ta thuc hién
nhw sau:
® Buoc 1: Kiém tra ménh dé diing voin = 1.

e Budc 2: Gid thiét ménh dé diing voi so nguyén dwong n = k tuy y (k > 1), chitng minh rang ménh deé
diingvoin=k+ 1.

Chu y: {Véu phdi chirng minh ménh dé A(n) la diing véi véi moi s6 nguyén dwong n > p thi:
+ O budc 1, ta phai kiém tra ménh dé diing voi n = p;

+ O buéc 2, ta gia thiét ménh dé diing véi so nguyén dwong bat ki n = k > p va phdi chimg minh
ménh dé diing voin =k + 1.

nr

§2. DAY SO

A. LY THUYET

1. Pinh nghia: Mot ham s6 u xdc dinh trén tdp ¥~ céc sd nguyén duong goi 1a dy sb vo han.
Ki hiéu u :f*a®u(‘n - Pat u, = u(n). Ta goi u, la s6 hang tong quat ( hay sb hang thir n) cia day sb
2. Cdch cho mét day sé:
e Cho bang cong thirc ctia sb hang tong quit
e Cho bang cong thirc truy hdi
e Cho bang cdch mo ta
3. Dy sé ting, day sé gidm:
® (u,) laday $b tdng < upyg > U, VO1 V ne N*,

S Uy U, >0vGi Ve N* < 2L 51 v6i Vne N* (u, > 0).

Uy,

o (uy) ladiysb giam < Uy < Uy vOi Vn € N*.

S Upy — U< 0 vOi Vne N* o L <1 v6i Vn e N* (u, > 0).

un

4. Day sé bi chin:
® (u,) laday $6 bi chan trén < IM € R: u, <M, Vn € N*.
e (u,) 12 ddy sb bi chin duéi < Im € R: uy > m, Vn € N*.
e (u,) 12 didy sb bichin < Im,M e R: m<u, <M, Vn e N*.

16



Truong em http://truongem.com

§3. CAP SO CONG
- ALTHUYET

1. Dinh nghia: (u,) la cci'p s6 cong S uyy; = uy +d, Yn € N* (d: cong sai)
2. Sé hang téng qudt: u, =u; +(n—1d voin 2>2
. . u, . +u
3. Tinh chat cdc so hang: u, = % voi k =2
. . . n(u, +u n| 2u, +(n—1)d
4. Tong n so hang dau tién: S, =u +u,+..tu, = ( ”)= [ 1 ]

2

§4. CAP SO NHAN

1. Dinh nghia: (un) 1 cdp $6 nhdn < upe) = Un.q vGin € N* (q: cong boi)
2. 86 hang tong qudt: u, = ul.q"_1 voi n>2
3. Tinh chit cdc sé hang: u,% = Uy Uy voi k =2
S, =nu, voi g=1
4. Tong n so hang dau tién: 5 - " (11__ Zn) i et
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CHUONG IV: GIOI HAN

, CHU DE: GIOI HAN CUA DAY SO
A. KIEN THUC CO BAN

1. Dinh nghia:
a) Dinh nghia 1: Ta n6i rang day so0 (u,) c6 gidi han 1a 0 khi n dan téi vo cuc, néu ‘”n‘

c¢6 thé nho hon mot s6 duong bé tiry ¥, ké tir s6 hang nao dé tré di. Ki
hiéu: ng%w(un) =0 hayu, — 0 khi n — +oo.

b) Dinh nghia 2:Ta néi diy sb (u,) c6 gidi han 1a a hay (u,) dan t6i a khi n dan téi vo
cuc (n—>+o0), néu lim (u, —a)=0. Ki hiéu: lim (x,)=a hay u, — a khi n — +oo.

n—>+oo n—>—+oo

% Chiy: lim (u,)=1lim(u,).
2. Mot vai gidi han dic biét.

a) liml=0 , limik=0,neD*+
n n

b) lim(q")=0 véi |g|<I.

C) L1m(un) c(cla hang s6) => Lim(u,)= hmc C.

3. Mot so dinh 1y vé gm’l han cia diy so.

a) Dinh ly 1: Cho day $6 (u,),(v,) va (w,) c6 v. <u, <w, Vnel " va

lim(v,)=lim(w,)=a =lim(u,)=a.
b) Dinh Iy 2: Néu lim(u,)=a , lim(v,)=b thi:
lim(u, £v, )=lim(u,)tlim(v )=axb

n
lim(u RY )=limu Jdimv =a.b
n n n n
u,

_ lim(un) _ a

lim = (v,#0Vnel";b#0)

v, - lim(v,)

limfu, = \Jlim (u,) =va ,(1, 20 ,22>0)

4. Tong cua cap so nhan lui vo han cé cong boi q <l1.

limS§, =
I-q

5. Day s6 dan téi vo cuc:

a) Tandi diy s6 (u,) dan t6i vo cyuc (u, — +0) khi n dan t6i vo cuc (n — +o0) néu u,
16n hon mot sé duong bat ky, ké tir s6 hang nao d6 trd di. Ki hiéu: lim(u,)=+4co hay
u, — +oo khi n — +oo.

b) Tanéi ddy s6 (u,) c6 gi6i han 1a —eo khi 7 — +oo néu lim(—u, ) = +eo Ky hiéu:
lim(u,)=—cc hay u, — —co khi n — 40o.

¢) DPinhly:
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o Néu: lim(u,)=0 (u, #0,Vnel") thi lim-L = oo
u

n

o Néu: lim(u,)=oco thi lim L =0
un
B. PHUONG PHAP GIAI TOAN.
P(n)
Q(n)

o Néu bac P =bac Q =Kk, hé s0 cao nhat cua P 1a a,, hé s0 cao nhat cua Q 1a by thi

1. Giéihan caa day sé (u,) véi u, = voi P,Q 1a cac da thirc:

T S S 4 kK 3A a2 34 1A 'SART a
chia tr s0 va mau so cho n* dé di dén ket qua : lim (u,)=-2,
0

o Néu béac P nhé hon bic Q =k, thi chia tir va mau cho n* dé di dén két qua

:lim(un):O. N q o
o Néu k = bac P > bic Q, chia tr vi mau cho n* dé di dén két qua :lim(u,)=oo .
2. Gi6ihan cia day sé dang: u, = M , f va g 1a cac bién thirc chira ciin.

g(n)
o Chia tir va mau cho n* véi k chon thich hop.
Nhan tr va mau voi bi€u thtrc lién hop

_ GIOT HAN CUA HAM SO
A. KIEN THUC CO BAN ‘ ,
. Pinh nghia:Cho ham s6 f(x) x4c dinh trén khoang K.Ta néi rang ham so f(x) c6 gidi
han la L khi x dan tGi a néu voi moi day $6 (X,), X, e Kvax, #a,Vnell ma
lim(x,)=a déu c6 lim[f(x,)]=L.Ki hiéu: 1im[ f(x)]=L.

[E—

2. Mot s6 dinh ly vé gidi han cia ham s0:
a) Pinh Iy 1:Néu ham s6 c6 gidi han bang L thi gidi han d6 1a duy nhat.

b) Pinh ly 2:Néu céc gidi han.hm[f ]—L , hm[g ]—M thi:
lim[f(x)ig(x)}=1im[f(x)}i£ig}[g(x)}=LiM

lim| f (x).g(x) ]|=tlim| f(x)].lim[ g(x) =
1
limfx _liml ()] 1 M#0

2 e(x)  lim[ (s ]

xX—a

hm\/f \/hm =L : ;f(x)=0,L20

x—a

¢) Cho ba ham s6 f(x), h(x) va g(x) xac dmh trén khoéng K chira diém a (c6 thé trur
di€ém a), g(x)<f(x)<h(x) Vxe K,x #a va

lim| g(x)]=lim[ 2(x)]|=L=lim| f(x)]=L.

X—a Xx—a xX—a
3. Mé rong khai niém giéi han ham so:
19
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a) Trong dinh nghia gidi han ham s6 , néu véi moi day sb (x,), lim(x,) = a , déu c6
lim[f(x,)]=cc thi ta ndi f(x) dan tGi vo cuc khi x dan tGi a, ki hiu: hm[ f } =oo,

xX—a

b) Néu véi moi day $6 (Xp) , lim(x,) = oo déu c6 lim[f(x,)] = L, thi ta né1 f(x) c6 gidi
han 12 L khi x dan t6i vo cuc, ki hiéu: lim[f(x)] =L.

¢) Trong dinh nghia gi6i han ham s6 chi doi héi véi moi day sd (x,), ma x, > a
Vnell ", thi ta néi f(x) c6 gi6i han vé bén phai tai a, ki hiéu : lim [ f (x)} . Néu chi

x—>a
doi hoi véi moi day $6 (x,), X, <a Vne [l " thi ta n6i ham sb c6 g161 han bén trai tai
a, ki higu: lim[ f(x)]

x—a

B. PHUONG PHAP GIAI TOAN
Khi tim giéi han ham sé ta thwong gip cdc dang sau:

1. Gi6i han ciia ham s6 dang: limM (Qj
x—a g( ) 0
o Néu f(x) , g(x) 1a cac ham da thuc thi c6 thé chia tir sb mau s6 cho (x- a) hoac (x- a)’.
o Néu f(x) , g(x) 1a cac biéu thirc chtra cin thi nhan tir va mau cho céc biéu thuc lién
hop.
2. Giéi han ciia ham s6 dang: lim f(x) (ij
x> g ( x) oo
o Chia tir va mau cho x* v6i k chon thich hop. Chd ¥ ring néu x — +o thi coi nhu
x>0, néu x — —oo thi coi nhur x<0 khi dua x ra hoic vao khai cin bac chan.

3. Gi6i han ctia ham s dang: lim[f(x).g(x)} (0.00). Ta bién d6i vé dang: (ij

oo

4. Giéi han ciia ham sb dang: lim [\/f \/g(x)} (c0-00)

. Bua vé dang: lim (x)—g(x)

R OENAE

’ ~_ HAMSO LIEN TUC
A.KIEN THUC CAN NHO

1. Ham s0 lién tyc tai mgt diém trén mot khoing: "
o Cho ham s0 f(x) xdc dinh trén khodng (a;b). Ham s6 dugc goi 1a lién tuc tai diém X,
e (a;b) néu: lim| f(x) | = f(x,).Diém x, tai d6 f(x) khong lién tuc goi la diém gidn

doan ctia ham sd.
o f(x) xac dinh trén khoang (a;b)
lién tuc tai diém xp € (a;b) & lim | f(x) |=lim[ f(x) |=lim[ f(x)]=f(x,).

X=X,

o f(x) xac dinh trén khoang (a;b) duoc goi la lién tuc trén khoang (a;b) néu nd lién tuc
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O

tai moi diém thudc khoang éy.
f(x) x4c dinh trén khoang [a;b] dugc goi 1a lién tuc trén khoang [a;b] néu né lién tuc

lim| f(x)]=/(a)

xX—a

lim[ £ (x) |=£(p)

Mét s6 dinh 1y vé ham s6 lién tuc:
Pinh Iy 1: f(x) va g(x) lién tuc tai x,
thi: f(x)tg(x) ,f(x).g(x), % (g(x)#0) ciing lién tuc tai xo .
glx
Pinh ly 2: Cac ham da thitc, ham hitu ty, ham lugng giac lién tuc trén tdp xac dinh
cua chung.
Pinh ly 3: f(x) lién tuc trén doan [a;b] thi n6 dat GTLN, GTNN va moi gia tri trung
gitta GTLN va GTNN trén doan dé.
* Hg qua: Néu f(x) lién tyc trén doan [a;b] va f(a).f(b)<0 thi ton tai it nhat mot
diém ce (a;b) sao cho f(c) =0 . Tuc la c6 it nhat mot nghi¢m thudc khoang
(a;b).

trén khoang (a;b) va

B. PHUONG PHAP GIAI TOAN.
OV o g(x) (x#x,)
1. Xét tinh lién tuc ciia ham so dang: f(x)=
a (x=x,)
o Tim lim [g(x)] Ham sb lién tuc tai Xo < lim [g(x)] =a.
g(x) (x<x,)
2. Xét tinh lién tuc ciia ham s6 dang: f(x)=1a (x=x,)
h(x) (x>x,)
fim[ £(x))=lim ()]
o Tim: < lim+ [f(x)] = lirq [g(x)} Ham s lién tuc tai X = Xq
f(xo)

O

& [ f(x)]=lim[f(x)]=f(x)=a.

Chirng minh phwong trinh f(x) = 0 ¢6 nghiém trong khoang (a;b).

Chung t6 f(x) lién tuc trén doan [a;b].

Chung t6 f(a).f(b)<0

Khi d6 f(x) =0 co it nhat mot nghiém thudc (a;b).

Néu chua c6 (a;b) thi ta can tinh cac gia tri f(x) dé tim a va b. Muén ching minh
f(x)=0 c6 hai , ba nghiém thi ta tim hai , ba khoang rdi nhau va trén mdi khoang
f(x)=0 déu c6 nghiém.
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CHUONG VI
DAO HAM

e KIEN THU'C CAN NHO
1. Dinh nghia dao ham tai mot diém
o Dinh nghia : Cho ham s0 y= f(x) xdc dinh trén khoadng (a ; b)va x,e(a;b), dao

ham ciia ham s6 tai diém x)1a :  f'(x)= lim S)=1%)
X=X, X=Xy
o Chiiy:
o Néu ki hidu Ax=x—x,; Ay = f (x+Ax)— £ (x;)
thi :
£'(x) = lim fo*+A)=f (%) 0 Ay
X=X, X=Xy Ax—0 Ax

e Néuhamsé y=f(x)c6 dao ham tai x,thi né lién tuc tai diém do.

2. Y nghia cia dao ham , ‘
o Y nghia hinh hoc: Cho ham s y= f(x) c6 do thi (C)

* f'(x) lahe ) gbc cua tiép tuyén dd thi (C)cua ham $6 y= f(x) tai

M, (xp,0)€ (C).
e Phuong trinh tiép tuyén ctia d6 thi ham s6 y = £ (x)tai diém M (x,.v,)e (C)la:
y=f"(x0) (x=x)+ o/

o Y nghia v’ét Ii: q 7
® Vin toc tirc thoi cua chuyén dong thang xdc dinh bdi phuong trinh @ s =s(7) tai
thoi diém 7, 1a v(1))=s'(1y)-
e Cuong d6 tuc thoi cia dién lugng Q = Q(r)tai thoi diém tla: I(1))=0"'(1)-
3. Qui tic tinh dao ham va cong thirc tinh dao ham ,
o Cdc quy tac : Cho u=u(x);v=v(x);C: lahangso.

® (uxv)=u'tv'

® (uv)'=u'v+v'u :>(C.u),=C.u'
. (z) _uwviu ,(viO):(gj - Cu
\% Vv u u

e Néu y=f(u),u=u(x) =y.=y,u,.
o Cdc cong thirc :
. (=0 ; (x)=1

o (x”) =nx"! = (u") =nu" W, (nel ,n>2)
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’ 1 o

° \/; = ,(x>0)= \/; = ,(u>0

(2 (01 (6 (s
° (sinx),zcosx = (sinu),zu.'cosu
° (cosx),z—sinx = (Cosu),z—u'.sinu
° (tanx),z 12 =1+tan’ x :>(tanu),= u2 =(1+tan2u).u'

COS~ X cos” u
e (cotx) =- .12 =—(1+c0t2x) = = (cotu) =—— 5 =—u'(1+c0t2u).
sin” x sin” u
4. Vi phan

o Dinh nghia : , , v
¢ Chohams6 y=f(x)c6 dao ham tai x, vi phan cua ham s0 y= f(x) tai diém x,
la:
df (xp)=f"(x0)-Ax .
e Cho ham sd y = f(x)c6é dao ham f’(x) thitich f’(x).Ax dugc goi la vi phin cua
ham s6 y=f(x) . Kihidu: df (x)=f'(x)Ax= f'(x).dx hay dy=ydx .
o Cong thirc tinh gan diing :
f(xp+Ax)= f(x0)+ f (x0)Ax .
5. Pao ham cip cao
o Dao ham cap 2 :
e Dinhnghia: f’(x) =[f’(x)],
e Y nghia co hoc: Gia toc tirc thoi ciia chuyén dong s = £ (¢) tai thoi diém ¢, 1a

a(ty)=r"(t)-
o Dao ham cip cao : f(”)(x):[f(”'l)(x)] , (nell,n22).

e CAC DANG TOAN THUONG GAP :
1. Tim dao ham theo dinh nghia

o Phwong phdp : Dé im dao ham theo dinh nghia ta c¢6 2 cich sau :
e (Cadch 1 : Theo quy tac
o Budc I : Cho x mQt sO gia Ax va tim sO gia Ay tim Ay = f(x+Ax)—f(x) . Lap

ti s6 &y
Ax
Ay
o Budc 2 :Tim gidi han lim —
Ax—0 Ax
e Cdch 2 : Ap dung cong thirc: f'(x,)= lim S~/ (%) .
X=X X=Xy

2. Viét phwong trinh tiép tuyén ciia dwong cong
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o Phwong phdp :

® Khi biét tiep diém : Tiép tuyén cua do thi (C):y= f(x)tai M(x, ; y,), cO phuong trinh
la: |y=r"(x).(x=x)+y| (1).

e Khi biét hé sé goc ciia tiép tuyén: Néu tiép tuyén ciia d6 thi (C): y=f (x) c6hé sO

g6c 1a k thita goi M, (x, :y,)1atiép diem = f'(x,)=k (1)
» Giai phuong trinh (1) tim x, suy ra y, = f(x,)
> Phuong trinh tiép tuyén phai tim c6 dang : y=k(x—x,)+y,

> Hé 56 goc ciia tiép tuyén tai M (xy.y,)e (C)la k=f'(x,)=tanax Trong
do a la goc giita chiéu dwong ciia truc hoanh va tiép tuyén . ‘

» Hai duong thang song song voi nhau thi hé so goc cua chiing bang
nhau . 7 ) ) ‘

» Hai duwong thang vuong goc néu tich hé so goc cua chiing bang -1 .

e Biet tiép tuyén di qua diem A(x;y,):

> Viét phuong trinh tiép tuyén ctia y = £ (x) tai M, (x, ; v,):
y=r"(%).(x=x)+y (1)

> Vi tiép tuyén di qua A(x;y,) =y =f"(x).(x —x)+f(x) (*)

» Giai phuong trinh(*) tim Xy thé vao (1) suy ra phuong trinh tiép tuyén .

DAO HAM

1.Tém tit Iy thuyét
» Pao ham cia 7(x) tai x,, ki hiéu 7 (x,) hay y'(x,)
, ) + Ax) — ) —

Ax XX — X,

»  dang.
Y= Yo =f (xg)(x—xq)
» Cac cong thirc tinh dao ham:

Pao ham cia hing so:
©)’=0
Pao ham cua x: Pao ham cia ham hop:
(x)=1 (ku) = k(u)
(x" ) =n.x"" (u" ) =nu""u
Joy = !
o= (V) T
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(lj - L (lj —— L (v=v(#0)
X X u u
Pao ham cia Tong, Hiéu, Tich, Thuong:
w+v-—w) =u' +v —w
(w+v) =u +v () =u'v+vu
(w—v)=u~v (Ej SR = w(x) 2 0)
% v
Gidi han cua S
X

lim >0t =
-0 x

Pao ham ciia ham so6 lwong gidc:
(sinx) =cosx (sinu) =u cosu | (sin”"u) =nsin"" u(sinu)
(cosx) =—sinx | (cosu) =—u'sinu | (cos”" u)'=ncos"" u.(cosu)'
(tan x) = : (tanu) = (tan" u)'= ntan"" u.(tanu)'
Ccos x cos  u
C : ' (cot” u)'=ncot"" u.(cotu)'
(COtX) ——Sinzx (COt) :_Sin2u

Néu ham sb u = g(x) ¢6 dao ham tai x 1a « » va ham s6 y = f(u)cd dao ham taiu la y'.thi

ham hop y = f(g(x))¢6 dao ham tai x la:
Vx=Yu.ll x

2. Cdc bai todn co ban:

Bai toan 1: Tinh dao ham bang dinh ngha:

+ Phwong phap giai
Buéc 1: Goi Ax 12 gia sd cua X tai x,, tinh
Ay = f(xy +Ax) = f(x,)
Ay

Buwéc 2: Lap ti sd

&y

Bwoc 3:Tim lim

Ax—0 Ax

Bai toan 2: Chirng minh ham sb khong hodc c6 dao ham tai_x,

< Phwong phap giai: Dé chimg minh ham sd y = f(x) khéng hodc c6 dao ham tai x =

x, ta lam nhu sau:

J ()= f(x)

X=X,

S0~ f(x)

X=X,

va lim

x—0"

Tim gidi han lim

x—=0*

sanh
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p SO S ()
x—0* X=X, x—0" X=X,
o Néu tim LTS g SOZTO) g5 ham sé y = £ ¢6 dao ham
x—0* X=X, x—0" X=X,
tai x,.
e Néu tim 2 D700 i SO0 i ham 8 y = £(x) khong ¢6
x—0* X=X, x—0" X=X,

dao ham tai x,.
Bai toan 4: Viét phuwong trinh tiép tuyén ciia ham sé y = f(x)
Dang 1: Cho ham sb y = £(x) ¢6 d thi (C), viét phuong trinh tiép tuyén tai diém
M( %3 5,)
s Phwong phap giai:
Budcl: Xéc dinh toa do x,; y,
Buwdce 2: Tinh dao ham cia £ (x) tai x,
Buwéc 3: Viét phuong trinh tiép tuyén tai diém M(x,;y, ), c6 dang:
’ Y=o =f (x)(x=xy)
Bai toan 6: Giai bat phwong trinh.
< Phwong phap giai: Dé giai bat phuong trinh ta lam céc budc sau:

Budre 1: Tinh dao ham ctia ham sd f(x) va g(x) (néu c6)

Bwée 2: Xac dinh diéu kién bat phuong trinh roi thay 7 (x) va g (x) (néu cd) vao diéu
kién tim nghiém x,

Bwéc 3: Lap bang xét dau rdi két luan tdp nghiém cua bat phuong trinh.
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CHUONG 1 HINH HOC 11
(cac dang bai tap chinh)
I- PHEP TINH TIEN
1) tém tat 1f thuyét
a) T.(A)=A'e AA'=y

{T_(M):M' L
b) " =MN=M'N'
T.(N)=N'

v

x'=x+x,

o y'=y+,

¢) Biéu thitc thoa d§: V&i v=(x,;y,).M =(x;y),T.(M)=M'(x';y') thi {

2) Dang bai tap q
a) dang 1: Cho diém A(x;y) tim anh A'(xy') 1a anh cia A qua phép T. véi

—

V:(xo;)’o)
CACH GIAIL:
, {x':x+x0
ta co: '
Yy =YytY,
Vay A'(x+x0;y+y0).

b) Dang 2 :Cho duong thangd : ax+by +c =0 tim anh cta d qua phép T.v6i v=(%:%)
CACH GIAI :

Goi d' 1a anh cua d qua phép T. v6i v=x,;Y,)

Céach 1 : ) 7

V6i M =(x;y)ed tacd T.(M)=M'(x';y")e d'.Ap dung biéu thiic toa do ctia phép T. :

{)c'=)c+x0 {xzx'—xo
' <:> '
Yy =yt yY=y=Y

Khi dé ta co
d':a(x'-x))+b(y'-y,)+c=0& ax'+by'—ax,—by,+c=0
Vayptcuad’la: ax+by—ax,—by,+c=0
Céach 2 ;
Ta c6 d va d’ song song hoic triing nhau, vay d” c6 mot vec to phap tuyén 1 n=(a;b).

Ta tim 1 diém thudc d’.

Ta c6 M(O;—%)e d,anh M'(x';y')ed', taco

Phuong trinh cua d’ 1a

27



Truong em http://truongem.com

a(x—x0)+b(y+%—y0j20(:)ax+by—ax0—by0+c:0

I1- PHEP POI XUNG TRUC (Xét dx truc Ox, dx truc Oy tuwong tw)
1) tom tat li thuyet
a) D,(M)=M'& d latrung truc cia MM'
b (M)=M'
) [2:0)
B, (N)=N'
¢) Biéu thitc toa df ciia phép dx truc Ox
{x' =X
y'=-y

d) Biéu thirc thoa dd ciia phép dx truc Oy

{x' =—X

y'=y

2) Bai tap q
a) dang 1: Cho diém A(x;y) timanh A'(x';y') 1a anh ciia A qua phép D,,
CACH GIAI :

= M'N'=MN

Tacé: {x’—x vay A'(x;—y)
y ==y
b) Dang 2: Cho duong théngd rax+by+c =0 tim anh cua d qua phép b,
CACH GIAI :
+) Goi1d’ laanh cuad, ta can tim ptcuad’.
Céch 1 :
Véi M =(x;y)edtacé B, (M)=M"'(x';y')e d',Ap dung biéu thitc toa ddctia phépD,,

{X =X
y'=-y

Khi déta cé ax'-by'+c=0
Vayptcuad’ 1a ax—by+c=0
Céach 2 .

Ta ¢ 2 diém M (o;—%j,zv(—ﬁ;oje d , Goi 4nh ctia ching 1an Iuot 1a
a

M '(O;EJ,N'(—E;OJG d'
b a

C
_ y—— 2
x=0 — b<:>_£x+£y_c—:()<:>ax—by+6':0
—5—0 0_5 b a ab

a

Phuong trinh cua d’ 1a
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III - PHEP POI XUNG TAM

1) tém tit Ii thuyét
a)D,(M)=M & IM =—IM"

b,(M)=M
b) —M'N'=—MN = M'N'=MN
D](N)zN'
¢) Biéu thtrc toa d6 cia phép dx tim O(0 ;0) {x,: -,
y ==y

2) Bai tap
a) dang 1: Cho diém A(x;y) tim anh A'(x';y') 12 anh cia A qua phép b,
CACH GIAI :
Taco: {x'— -
y ==y
b) Dang 2 : Cho duong théngd rax+by+c =0 tim anh cua d qua phép b,
CACH GIAI :
+) Goi1d’ laanh cuad, ta can tim ptcuad’.
Céch 1 :
Véi M =(x;y)ed tacé B, (M)=M'(x";y")e d', Ap dung biéu thirc toa d ctia phép
b

o

Khi d6 ta cé —ax'-by'+c=0

Vayptcuad’ 1a ax+by—c=0

Céach 2 .

Ta c6 d va d’ song song hoic triing nhau, vy d” c6 mot vec to phap tuyén 1 n=(a;b).
Ta tim 1 diém thudc d’.

Ta cé M(O;—%)e d,anh M'(x';y')ed', tacd

X =

'

y

>l <&

Vay d’ ¢6 phuong trinh 1a : a(x—0)+b(y—

IV-  PHEP QUAY
1) Ii thuyét :

a) Q(O;a)(M):M'@{

j=0(:)ax+by—c=0

S| o

OM =OM'
(OM',0M) =«
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{Q(O;a) (M) =M
b) — M'N'=MN

Q(O;O{) (N) =N’

2) Bai tap :

a) Dang 1 : Cho diém A'(a';b') CM nd la anh cua diém A(a;b) qua phép quay tim O

gbc quay «, voi a=+90",+60°.

CACH GIAT:

+) Néu o =+90° ta c6:

A=A OA'=0A

n(4)=A"
osn )( ) (0A';0A) = 190"

D& CM 0A'=0A ta CM |0A1=[04] & Va™+b> =a* +1?

Dé CM (0A";0A) =+90" dau tién ta CM OA' L OA < OA'OA=0 = a'a+b'b=0

NX trén hé truc toa do chiéu quay tr A dén A’ 1a duwong hay am, tir d6 suy ra
(OA";,0A) =90" hodc (OA";0A) =-90" tiy theo dé bai.

+) Néu a=%60° cich giai twong tu, d& CM (OA';0A)=+60" ta c6 thé CM tam giic
OAA’ déu, roi NX trén hé truc toa do.

b) Dang 2 : Cho dudng thingd :ax+by+c=0 tim anh cta d qua phép Qi)+ VOI
o =190°,160"

CACH GIAL:

Ta tim toa do cua 2 diém A’,B’ 1an luot 12 anh cua 2 diém A,B thudc duong thang d
qua Q.- Nén chon A,B 1an luot 12 giao cua d voi cdc truc toa do. Khi dé anh cua d 1a

duong thang A’B’. . R
ON HINH HOC CHUONG I
I. Phép doi hinh 1a phép bién hinh khong lam thay doi khoang cach giira hai diém bat ki,
nghia la néu phép doi hinh bién hai diém M, N lan lugt thanh hai diém M’, N’ thi M’N’ =
MN.
Céc tinh chat cia phép doi hinh: bién ba diém théng hang thanh ba diém théng hang va
khong lam thay d6i thir tr ba diém d6, bién duong thang thanh duong thang, bién tia thanh

tia, bién doan thang thanh doan thang bang nd, bién géc thanh géc bang né, bién tam gidc
thanh tam gi4c bang né, bién duong tron thanh dudng tron ¢6 cung bén kinh.

II- Céc phép doi hinh cu thé:

1- Phép tinh tién :Trong mit phang , cho véc to V(Cl;b) . Phép tinh tién theo véc to

v (a:b) 12 phép bién hinh , bién mot diém M thanh mot diém M’ sao cho MM' =V
Ky hiéu: T - .

Biéu thirc toa do :
Trong mdt phang Oxy cho M(x;y);V(a,b).
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Goi M'(x';y)=T, M)khidé: (x'=x+a
y=y+b

2- Phép quay Trong mit phang cho diém I ¢ dinh va géc luong gidc o khong d6i . Phép
bién hinh bién diém I thanh diém I, bién diem M khdc I thanh diém M’ sao cho IM=IM’va
géc (IM;IM’)= « . Pugc goi 1a phép quay tam I goc quay 1a « .
ki hi¢u Q(, a)

Chiéu quay duong nguoc chiéu quay cta kim dong hd (+)

Chiéu quay am trung chiéu quay cua kim doéng ho ) (-)
*Biéu thuc toa do ciia phép quay c6 tam I(a;b) diém M(x;y) , diém M’(x’;y’) va géc quay

la a:
Trong mat phang toa do Oxy cho Quq, » véi I(a; b). Khi @6 Qu o, bién diém M (x; y)
thanh M’(x’; y’) xdc dinh boi:

X'=a+(x—a)cosa —(y—b)sino
hodc v&i tam O (0;0) (X' =x.cosa - y.sina

y'=b+(x—a)sina+(y—b)cosx
"CAN NHO: y = x.sina+y. cosa
1. Phuong trinh dudng tron dang tong quat :Cho Pudng tron (I) c6 tdm I (a, b) va R
laban kinh. : (x-a)’+ (y—b)’=R?
2. Phuong trinh duong tron dang khai trién : x>+ y? - 2ax - 2by + ¢ =0
trong d6 tdm I(a, b) va ban kinh R =+v/a? + b2 — ¢
3.Hai duong thang thang song d// d;
(d):ax+by+c=0

a=a;;b=b;;c % ¢
(d]): 31X+b1y+C1=0

3-Phép vi tu Cho diém O va mot s6 k #0. Phép bién hinh bién mdi diém M thanh mot
diém M’ sao cho OM '=kOM dugc goi 1a phép vi tu tAm , ti s vi tw lak .
Ky hiu: V,, :M ->M', hay : M’=V, ., (M) =M =V[01)(M ")

k
Trén mat phéng xOy biét thm vi tu c6 toa do : 1 (X0; Yo) va diém M (x;y) thitoado cua
M/( x y/) duoc xéc dinh biéu thirc toa do cua phép vityla: X 7 kx + (1- k).xq

{% =ky + (1-k).yo

Hodc tai tam O(0:0) { X =k. x
- y=k.y
Biét phép vi tu suy ra ti s6 vitu k , vi du : cho M’ = Vi.ay M) =>k=-2
4- Phép dong dang ti sé k (k>0 ) la phép bién hinh bién mdi cip diém M, N thanh cip
diém M’, N’ sao cho M’N’ = kMN.
* Cho mot diém O cd dinh, s6 duong k khdng d6i va géc (00 <a<] 8()0), phép dong
dang tam O, ti s6 k, géc a 1a géc bién hinh, bién diém M thanh M’ sao cho :
{OM/ =k.OM

T Ki hiéu : phép ddng dang S(O, k, )
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(OM,OM') = « (TAm d6ng dang O, ti s6 dong dang k, géc dong danga)
Néu k = 1, phép dong dang bién thanh phép quay Q (O; a )
Néu & =0°, phép dong dang bién thanh phép vi tw V (o.y,
Néu a = 180°, phép dong dang bién thanh phép vitu V (o, .y,

Phép ddng dang c6 céic tinh chit: bién ba diém théng hang thanh ba diém théng hang (va
khong lam thay d6i thir tr ba diém d6), bién dudng thang thanh duong thang, blen tia thanh
tia, bién doan thang thanh doan thang ma do dai dugc nhan lénvoik (klati s6 ctia phép
dong dang), bién tam gidc thanh tam gidc dong dang vdi ti sb k, bién mot gée thanh gée c6
cling s6 do, bién dudng tron ban kinh R thanh dudng tron ¢6 ban kinh R'=kR; . Ol =
K.OI; (O, OI') = a

- Dinh nghia vé hai hinh bang nhau: Hai hinh goi 12 bang nhau néu c6 phép doi hinh bién
hinh nay thanh hinh kia.

Céc tinh chat ctia phép vi ty: Phép vi ty tim O ti s k 1a mot phép dong dang ti s& elnen
¢6 céc tinh chét ctia phép ddng dang. Ngoai ra, phép vi tu c6 tinh chét dic biét sau: dudng
thang n6i mot diém va anh cta nd ludn ludn di qua O; anh d’ ctia dudng thang d ludn song
song hodc trung voi d.

- Mbi phép dong dang bao gid ciing c6 thé xem 12 hop thanh ctia mot phép vi tu va mot
phép doi hinh.

- Dinh nghia vé hai hinh dong dang: Hai hinh dugc goi 12 dong dang v6i nhau néu cé
phép dong dang bién hinh nay thanh hinh kia.
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Chwong 1

PHEP DOI HINH PHEP PONG DANG TRONG MAT PHANG

A) PHEP DOI HINH (12 phép bién hinh bao toan khoang céch giita hai diém bAt ky)

1) Phép tinh tién
T.(M)=M"'

SMM' =v
Goi M'(x';y) la anh cua M(x;y) qua

phép tinh tién theo v(a;b)

Khi d6: {x S rra
y'=y+b

2) Phép d6i ximg truc Ox
D, (M)=M"
Nghia 1a M’ ddi xtng véi M qua truc toa
do Ox

Goi M'(x';y" 1a anh cua M(x;y) qua phép
d6i xtmg truc Ox

Khi do: {

x'=x

y'=-=y

3) Phép d6i ximg truc Oy
D, (M)=M"
Nghia 1a M’ d6i xtmg véi M qua truc toa
do Oy

Goi M '(x';y") la anh cua M (x;y) qua phép
ddi xtmg truc O

. X' ==x
Kh1do:{ ,
y =y

4) Phép dbi Xurng truc d:ax+by+c=0 bét
ky ,

B1: Viét phuong trinh duong thang Adi qua
diém M va vudng géc voi dudng thang d:

A: =b(x—x))+a(y—y,) =0
=0
B2: Giai hé phuong trinh sau dé tim giao
diém K(x:y,)cta d va A:

ax+by+c =0

{—bx+ay+(bx0 —ay,)=0

& —bx+ay+bx,—ay,

=—c

ax+by
—bx+ay=—(bx,—ay,)

B3: Goi M'(x';y") la anh cua M(x;y)qua
phép d6i xtig tryc d.

Khi d6: {

x'=2x, —x

, Thay toa d0 vao tim
y'=2y, -y

duoc M’

5) Phép doi xirng tim O
D,(M)=M"
Nghia 1a M’ déi xtmg véi M qua gdc toa
dé O

Goi M'(x';y") la anh cua M(x;y) qua phép
d6i ximg tam O

6) Phép ddi ximg tAm H(x, ; y,)bat ky
b, (M)=M"
Nghia 1a M’ d6i xtng véi M qua tam H

Goi M'(x';y" 1a anh cua M(x;y) qua phép
d6i xtmg tam H
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Khi d6:

{x'z—x
y'=-y

Khi do:

{x'=2xH—x
y'=2y,-y

7) Phép quay tdm O, goc o

* Ch ¥

Qo) M)=M" + Puodng chéo hinh vudng canh a c6 4o dai:
OM '=0M a2 " . . 5
(OM":0M) =« + Phuong trinh dudng thang

| qua M (x55¥y)
|\VTPT n(a;b)
d:a(x—x,)+b(y—y,)=0
+ Phuong trinh duong tron (C)
Dang 1: tdm I(a;b), ban kinh R
(x—a)’+(y—b)’ =R’
Dang?2: tamI(a;b), ban kinh
R=1J(a)’ +(b
X2+ y*=2ax—2by+c=0
B) PHEP PONG DANG
8) Phép vi tu tam O (ti so k) 9) Phép vi tu tam H(x,,y,)bat ky (ti so k)
V(O’k)(M):M' V(H,k)(M):M'
© OM ' = k.OM o HM '=k.HM

Goi M'(x';y") la anh cua M (x;y) qua phép
vi tu tdm O

Khi d6: {

x'=kx

y'=k.y

Goi M'(x';y") la anh cuia M (x;y) qua phép
vitutdm H(x,,y,)

x'=k.(x—x,)—x,

Khi do: {
y'=k(y—y,)—x,

10) Phép dong dang (ti s6 « >0)

- Phép doi hinh 1a phép dong dang ti sd 1

- Phép vi tu ti s6 k 1a phép dong dang ti s6
4

*Cha y:

- Hai hinh bang nhau khi c¢6 phép doi hinh
bién hinh nay thanh hinh kia.

- Hai hinh d6ng dang véi nhau khi c6 phép
d6ng dang bién hinh nay thanh hinh kia.

* Phép tinh tién: + Bién duong thang thanh duong thang song song hodc trung vdi nod
+ Bién doan thang thanh doan thang bang nd
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+ Bién tam gidc thanh tam gidc bang né
+ Bién duong tron thanh dudng tron c6 cung ban kinh

CHUONG I
DUGNG THANG VA MAT PHANG TRONG KHONG GIAN , QUAN HE SONG SONG
I. DUGNG THANG VA MAT PHANG TRONG KHONG GIAN
1. Xac dinh mét mat phdng

* Ba diém khdng thdng hang thuéc mat phdng. (mp(ABC), (ABC))

o M6t diém va mdt dudng thdng khéng di qua diém dé thudc mat phéng. (mp(A,d))

e Hai dudng thdng cét nhau thudéc mat phéng. (mpla, b))

2. Mot sb qui tdc vé hinh biéu dién cOa hinh khéng gian

e Hinh biéu dién cOa dudng thdng la dudng thdng, cia doan thdng la doan théng.

* Hinh biéu dién cOa hai duéng thdng song song 1a hai dudng thdng song song, cia
hai duéng thdng cét nhau la hai duéng thédng cét nhau.

e Hinh biéu dién phdi gii nguyén quan hé thuéc gida diém va duéng théng.

e Dudng nhin thay vé nét lién, dudng bi che khuat vé nét dut.

VAN DE 1: Tim giao tuyén cba hai mét phéng

Muén tim giao tuyén cOa hai mat phéng ta c6 thé fim hai diém chung phén biét cba
hai mat phdng. Khi do glao tuyén la dUdng thdng di qua hai diém chung dé.
VAN DE 2: Tim giao diém cOa duéng thdng va mat phdng

Mubn fim giao diém coa mét dUdng thcmg vé mét mat phdng ta co thé fim giao diém
cua dudng thdng do v&i mét dUdng thdng ndm trong mat phang da cho.
VAN DE 3: Chiing minh ba diém thang hang, ba duéng thang déng qui

e Mudn ching minh ba diém thdng hang ta ¢ thé ching minh ching cing thudc hai
mdt phdng phdan biét.

e Muén chiing minh ba dudng thdng déng qui ta cé thé chiing minh giao diém cua
hai duéng thdng ndy la diém chung cba hai mat phdng ma giao tuyén la dudng thdng tho
ba.

VAN DE 4: Xdc dinh thiét dién cOa mét hinh chép v&i mot mét phdng
Mubn xac dinh thiét dién cia mét hinh chép véi mat phdng (P) ta ¢é thé Iam nhu sau:

o TU diém chung c6 sdn, xac dinh giao tuyén ddu tién cba (P) véi moét mat cba hinh
chép (c6 thé 1a mét phdng trung gian).

e Cho giao tuyén ndy cdt cac canh cba mdat dé cOa hinh chép, ta sé dudc cac diém
chung méi cOa (P) v&i cac mat khac. TU dé xdc dinh dugc cac giao tuyén méi v6i cac mat
nay.

e Tiép tuc nhu trén cho 16i khi cac giao tuyén khép kin ta dudc thiét dién.
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Il. HAI PUGNG THANG SONG SONG

1. Pinh nghia

2. Tinh chat

» N&u ba m@t phdng phdn biét cdt nhau tiing déi mdt theo ba giao tuyén phén biét
thi ba giao tuyén ay hodc dong qui hodc d6i mét song song.

» N&u hai mat phdng cét nhau 1an lugt di qua hai dudng thdng song song thi giao
tuyén cOa ching song song véi hai dudng thdng dé hodc trong véi mdt trong hai duéng
thdng do.

* Hai dudng thdng phdn biét cing song song véi dudng thdng thi ba thi song song
véi nhau.

VAN BE 1: Ching minh hai dudng thdng song song
Phuong phap: Co thé si dung 1 trong cdc cach sau:

1. Chiing minh 2 dudng thdng dé déng phdng, réi Gp dung phudng phap chiing minh
song song trong hinh hoc phdng (nhu finh chat dudng trung binh, dinh Ii Talét déo, )

2. Chiing minh 2 dudng thdng d6 cung song song v&i dudng théng thu ba.

3. Ap dung dinh i vé giao tuyén song song.

VAN DE 2: Tim giao tuyén cba hai mét phéng
Phuong phap:
o Tim mét diém chung cba hai mét phéng.
e Ap dung dinh li vé giao tuyén dé tim phuong cba giao tuyén.
Giao tuyén sé & dudng thdng qua diém chung véa song song véi duéng thdng dy.

IIl. PUGNG THANG vé MAT PHANG SONG SONG
1. Pinh nghia
d//P)edn(P) =D

2. Tinh chat

o Néu dudng thdng d khong ndm trén mat phdng (P) vé d song song véi dudng théng
d’ ném trong (P) thi d song song véi (P).

» Néu dudng thdng d song song v&i mdt phdng (P) thi moi mat phdng (Q) chia d ma
cdt (P) thi cdt theo giao tuyén song song véi d.

» N&u hai mat phdng cét nhau cing song song véi mét dudng thdng thi giao tuyén
cUa ching cing song song véi dudng thdng db.

 N&u hai dudng thdng a va b chéo nhau thi c6 duy nhét mét mat phdng chia a va
song song vGi b.
VAN BE 1: Chiing minh dudng théng song song véi mat phdng
Phuong phap: Ta chiing minh d khéng ndm trong (P) va song song véi mét duéng thdng d’
nao doé ndm trong (P).
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VAN DE 2: Tim giao tuyén cba hai mét phéng
Phuong phap: Tim phuong cUa giao tuyén. TU dé xac dinh thiét dién cOa hinh chép tao béi
mat phdng song song v&i mét hodc hai dudng thdng cho truéc.

IV. HAI MAT PHANG SONG SONG

1. Binh nghia
P/ QesPN@Q=0

2. Tinh chat

o N&u mat phéng (P) chia hai duéng thdng a, b cét nhau va cing song song v&i mat
phéng (Q) thi (P) song song véi (Q).

» N&u dudng thdng d song song v&i mp(P) thi cd duy nhat mét mp(Q) chia d va song
song vGi (P).

e Hai mat phdng phan biét cing song song v&i mat phdng thi ba thi song song véi
nhau.

e Cho mét diém A ¢ (P). khi d6 moi duéng thdng di qua A va song song véi (P) déu
ndm trong mét mp(Q) di qua A va song song véi (P).

o N&u mdt mat phdng cdt mét frong hai mat phdng song song thi cing cdt mat
phdng kia va cac giao tuyén coa ching song song v&i nhau.

* Hai mat phdng song song chdn trén hai cat tuyén song song nhiing doan théng
béng nhau.

* Dinh li Thales: Ba mat phdng ddi mdt song song chén trén hai cat tuyén bét ki
nhiing doan thdng tudng Gng i l&.

« Dinh li Thales ddo: Gia sU trén hai duéng thdng d va d’ ldn lugt lay cac diém A, B, C
va A’, B’, C" sao cho:

AB BC CA

A'B' B'C' C'A
Khi d6, ba dudng thdng AA’, BB, CC’ Idn lugt ndm trén ba mat phdng song song, tiic
Id ching cing song véi mot mat phdng.

VAN DE 1: Ching minh hai méat phdng song song
Phuong phéap: Chiing minh mat phdng nay chia hai duéng thdng cét nhau lan lugt song
song véi hai dudng théng trong mat phdng kia.

VAN DE 2: Tim giao tuyén cba hai mét phéing
Phuong phap:

* Tim phudng cOa giao tuyén béng cach s dung dinh Ii: Néu 2 mat phéng song song
bi cdt béi 1 mat phdng thu ba thi 2 giao tuyén song song.

¢ SU dung dinh li trén dé xac dinh thiét dién cOa hinh chép bi cdt bsi 1 mat phéng
song song v&i 1 mat phdng cho truéc.
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CHUONG Iil:;
VECTO TRONG KHONG GIAN
QUAN HE VUONG GOC TRONG KHONG GIAN

l. VECTO TRONG KHONG GIAN

1. Pinh nghia va cac phép toan
e Dinh nghia, tinh chat, cac phép todn vé vects trong khéng gian dudc xdy dung hodn
todn tuong ty nhu trong mét phdng.
eluuy:
+ Qui téc ba diém: Cho ba diém A, B, C bét ky, ta ¢d: AB+BC =AC
+ Qui téc hinh binh hanh: Cho hinh binh hanh ABCD, ta ¢b: AB+AD = AC
+ Qui tac hinh hdp: Cho hinh hép ABCD.A'B'C'D’, ta cé: AB+AD+AA'= AC'
+ Hé thic trung diém doan thang Cho | Ia trung diém cOa doan thdng AB, O tuy ¥.
Ta co: JA+IB= 0; OA+0B =201
+ Hé thic trong tam tam giac: Cho G la trong tGm cba tam giac ABC, O tuy y. Ta cé:
GA+GB+GC=0; OA+0B+0C =30G
+ Hé thuc trong tam tU dién: Cho G la a frong tdm cua tU dién ABCD, O tuy y. Ta co:
GA+GB+GC+GD 0; OA+0B+OC+0D 4OG
+ Diéu kién hai vectd cing phuong: d va b cing phuong (i #0) <3lke R: b =ka
+ Diém M chia doan thédng AB theo i sé k (k # l), O tuy y. Ta co:
VA - i O - 2A—kO8
2. Sy déng phdng cia ba vects
* Ba vectd dugc goi Id ddng phdng néu cac gid cba ching cing song song véi mét mat
phdng.
* Didu kién dé ba vectd déng phdng: Cho ba vects &,5,¢, trong d6 & va b khdng cing
phuong. Khi d6: a,5,c déng phdng < ' m, n € R: ¢ =md+nb
e Cho ba vects d,b,c khéng dong phdng, x tuy y.
Khi do: 3I'm,n, pe R X=md+nb+pc
3. Tich vé6 huéng cla hai vecto
e Goc giUa hai vecto trong khong gian:
AB =i, AC =¥ = (i, 7) = BAC (0° < BAC <180°)
e Tich vé6 huéng cUa hai vecto trong khéng gian:
+ Cho i,y #0. Khidé: .y =lil.[5].cos@,v)
+ V&i ii =0 hodgc v=0. Qui U8c: ii.v =0
V=

dc v
+ulveuv=0
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Il. HAI PUONG THANG VUBNG GOC

1. Vectd chi phudng cOa dudng thdng: a=0 la VTCP cba d néu gia c0a & song song hodc
trung véi d.

2. Gdc gita hai dudng thdng:
e at/a, bib = (6b)=(2.5)
e Gia sy i la VICP cOa a, v la VICP cOa b, (ii,v)=c.

P 0 0
Khi dé: (Q’b): o . ne,u 0 OSaS18O .
180" —a néu 90" <a <180

o N&u a//b hodc a = b thi (.5)=0°
choy: 0°<(%p)<90°

3. Hai dudng thdng vuéng goc:
calbe (£p)=90°

* Gid sU i la VICP cba a, v 16 VICP cOa b. Khidé ¢ L b= ii.i=0.
e Luu ¥: Hai dudng thdng vudng géc v8i nhau co thé cdt nhau hodic chéo nhau.

IIl. PUGNG THANG VUONG GOC VGl MAT PHANG

1. Binh nghia
dlL(P)=dLa Vac(P)
2. Diéu kién dé dudng thdng vudng géc v8i mat phdng
lileals 0= i)
3. Tinh chat
e Mat phdng trung fruc cba mét doan thdng la mat phdng vudng goc véi doan thdng
tai trung diém coa no.
M@t phdng trung truc cua doan thdng Id tdp hop cdc diém cdch déu hai déuv mot cua
doan thdng dé.

. fam . Jazb
{(P)J_aj(P)J'b {aJ_(P),bJ_(P)ja//b

. (PO o J(P)#(Q)

{al(P) =al(Q) {(P)J_a,(Q)J_a:(P)//(Q)
. Jarp) . Jazp)
{bJ_(P):bJ_a {aJ.b,(P)J_b:a//(P)

4. Pinh li ba duéng vudéng goc
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Cho a X (P),bc(P), @ la hinh chiéu cbaatrén (P). Khidé blasb La
5. Géc giUa dudng thdng vé mat phdng

e Néu d L (P) thi (Z(P)) = 90°

e N&u d £ (P) thi (#.(P)) = ({.4") véi &’ 1a hinh chiéu cba d trén (P).

choy: 0°< (4 (p)) < 90"

VAN BE 1: Chiing minh dudng thédng vuéng géc véi mat phdng
Chiing minh hai dudng théng vuéng goc

* Chitng minh duong thdng vuéng géc véi mdt phing
Dé chitng minh d L (P), ta c6 thé chitng minh bdi mdt trong cdc cdch sau:
e Chiing minh d vudng géc vdi hai duong thdng a, b cdt nhau ndm trong (P).
® Chitng minh d vuong géc vai (Q) va (Q) // (P).
® Chitng minh d//ava a L (P).
* Chitng minh hai duong thdng vuéng goc
P& chitng minh d L a, ta cé thé ching minh bdi mdt trong cdc cdch sau:
® Chitng minh d vuong goc vdi (P) va (P) chiia a.
o Sit dung dinh li ba duong vudng goc.
® Sit dung cdc cdch chitng minh da biét & phan trudc.

IV. HAI MAT PHANG VUONG GOC

1. Goc giUa hai mat phdng

., JaLp) (7
{b l(Q):(%,(Q)) )

° Gid < _ o ClC(P),ClJ_C _
GiasUu (P)n(Q) =c.TU | € ¢, dung {bc(Q),bJ_c = (@),(Q))—(g,b)

cho y:  0° <(EB),0)) <90°
2. Dién fich hinh chiéu cGa mét da giac
Goi S la dién tich cOa da giac (H) trong (P), S’ la dién tich cOa hinh chiéu (H) cba (H) trén
@), ¢ = ([P),(0). Khidé: & = S.cose
3. Hai mat phdng vuéng goc
« PL@ e ((P).0)=90

* Diéu kién dé hai mat phdng vuéng géc véi nhau: {EzPJ)_ ?Q‘)’ = (P)L(Q)
4. Tinh chat
(P)L(Q)
. {(P)L(Q),(P)G(Q)=c:>al(Q) e lAc(P)  =ac(P)
ac(P),alc a’A,al(Q)
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(P)Nn(Q)=a
e {(PL(R) =al(R)

Q) L(R)

VAN BE 1: Géc giUa hai mat phéng

Phutong phdp: Mudn tim géc giita hai mdt phdng (P) va (Q) ta ¢6 thé sit dung mdt trong cdc cdch sau:
o Tim hai ditong théng a, b: a 1 (P), b 1 (Q). Khi dé: ([P),0)) =(6.p).

e Giafi s60 (P) N (Q) = ¢. Tog 1 € c, doing {Zagﬁi = ((P).0) = (4 )

VAN DE 2 Ching minh hai mét phéng vuéng géc.
Chiing minh duéng thding vuéng géc véi mat phéng.

* Ching minh hai mit phing vuong géc
Pé ching minh (P) L (Q), ta c6 thé chitng minh bdi mot trong cic cdch sau:
e Chitng minh trong (P) c6 mot dudng thing a ma a L (Q).
e Ching minh (£8),(0)) =90°
* Chifng minh dudng thing vudng géc véi mit phing
DPé chitng minh d L (P), ta c6 thé chitng minh bi mdt trong cdc cach sau:
e Chitng minh d < (Q) véi (Q) L (P) va d vudng géc vdi giao tuyén c clia (P) va (Q).
e Chitng minh d = (Q) N (R) véi (Q) L (P) va (R) L (P).
e St dung céc cdch chitng minh da biét & phan trudc.

VAN BE 3: Tinh dién fich hinh chiéu cba da giéic

Phuong phdp: Goi S 1a dién tich clia da gidc (H) trong (P), S” 1a dién tich clia hinh chi€u (H’) ctia (H)
trén (Q), ¢ = (EP),(0)). Khi do: S’ = S.cos@

IV. KHOANG CACH

1. Khodng céach ti mot diém dén mét dudng thdng, dén mot mat phdng
d(M,a)= MH
d(M,(P))=MH

2. Khodng cdch gidia dudng thdng va mat phdng song song, gila hai méat phdng song song
d(a,(P) = d(M,(P)) trong dé M Ia diém bét ki ndm trén a.

d((P).(Q) = d(M,(Q)) trong d6 M la diém bét ki ndm trén (P).
3. Khodng cach gita hai duéng thdng chéo nhau
 Dudng thdng A cdt cd a, b va cing vuéng goéc véi a, b dugc goi lIa dudng vudng goc
chung cva q, b.
e Néu A cdt a, b tai |, J thi IJ dudc goi Id doan vuéng goc chung cla a, b.
¢ Do dai doan IJ dudc goi la khodng cach gita a, b.
e Khodng cach giGa hai duéng thdng chéo nhau bdng khodng cach gida mét trong hai
dudng thdng dé v6i mat phdng chia dudng thdng kia va song song véi né.
» Khodng cach gitia hai dudng thdng chéo nhau béng khodng cach giGia hai méat phdng
song song ldn lugt chia hai dudng thdng db.

trong do H la hinh chiéu cba M trén a hodc (P).
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VAN DE 1: Khodng cich gila hai dudng théing chéo nhau

Phudng phap: Dung doan vuéng géc chung cOa hai dudng thdng chéo nhau a va b.
Cach1: Giasia L b:
e Dung mat phdng (P) chia b va vudng goc véi a tai A.
e Dung AB L b tqi B
= AB ld doan vuéng gdc chung cia a va b.
Cach 2: SU dung mat phdng song song.
* Dung mat phdng (P) chia b va song song véi a.
e Chon M € a, dung MH L (P) tai H.
e TU H dyng dudng thdng o’ // a, cét b tai B.
e TU B dung dudng thdng song song MH, cdt a tqi A.
= AB la doan vudng géc chung cba a va b.
Cho y: d(a,b) = AB = MH = a(q,(P)).
Cach 3: SG dung mat phdng vuéng géc.
e Dung mat phéng (P) L a tai O.
e Dyng hinh chiéu b’ cba b trén (P).
e Dung OH L b’ tai H.
e TU H, dung duéng thdng song song véi a, cdt b tqi B.
* TU B, dyng dudng thdng song song véi OH, cdt a tai A.
= AB la doan vudng géc chung cba a va b.
Cho y: d(a,b) = AB = OH.

§ 1. VECTO TRONG KHONG GIAN

Dang 1. XAC PINH CAC YEU TO VE VECTO

I)CAC PINH NGHIA

1)Vec to, gia, d§ dai cia vec to

eVec to trong khong gian 12 mot doan thing c6 hudng.

Gi4 ctia vec to 1a dudng thang di qua diém dau va diém cudi cia vec to d6. Hai vec to goi 12
ciing phuong néu gid ctia chiing song song hodc tring nhau. Hai vec to cing phuong c¢6 thé
cung hudng hoac nguge hudng.

D dai cua vec to 1a do dai ctia doan théng ¢6 hai ddu muit 12 diém dau va diém cudi caa vec
to do.

2)Hai vec to bang nhau, vec to -khong

® a,b bang nhau néu ching c6 ciing do dai va cing huéng. ki hiéu a =b

Ve to- khong 1a vec to ¢6 diém dau va diém cudi tring nhau.

IDPHEP CONG VA TRU VEC TO

1)Pinh nghia

eCho hai vecto a va b Trong khong gian 1dy mot diém A tiy y, vé AB=a, BC=b.Vec to
AC duoc goi la téng clia hai vec to a va l; ki hiéu AC=AB+BC=a+b
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eVec to b 1a vec to doi cua a néu a

va a, b ngugc hudng. ki hiéu a =- b

bl =
°a -b=a +(-b)
2)Tinh chat
°*a + b=b+a °(a +b)+c=a +(b+c)

°a +a+0=0+a=a

3)Cac quy tic .

a)Quy tac 3 diem ,

Vi ba diém A,B,C bat ki ta c6
AB+BC =AC
BC=AC-AB

A

b)Quy tic hinh binh hanh
Véi hinh binh hanh ABCD ta ¢6

°a+(—a)=—;l+;l=0

AB+AD = AC

¢)Quy tic hinh hop
AC' = AB+ AD + AA’
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IIHTICH CUA VEC TO VOI MOT SO
1)Dinh nghia
Cho sb k0 va vec to a # 0. Tich cia vec to a véi s6 k 1a mot vec to, ki hiéu 12 k.a, cling

hudng v6i @ néu k > 0, nguoc huéng véi @ néu k<0 va c6 do dai bing |k|.‘a‘.

2)Tinh chit
-m(Zz+13):mZz+m13
o(m+n)a=ma+na

—

Om(nZz) =(mn)a
ela=a; (-1)a=-a

—

©0a=0; k0=0

Dang 2. CHUNG MINH CAC PANG THUC VE VECTO

e Quy tic 3 diém: véi moi A,B,C
AC = AB + BC, (xen diém B)
AB - AC = CB , hiéu hai vec to chung diém dau.

¢ Quy tac hinh binh hanh : Vi hinh binh hanh ABCD ta lu6n c6
AC=AB+ AD
BD=AD - AB ] q q

¢ Quy tac trung diém : I 1a trung diém doan thang AB
JA+IB=0< MA + MB=2MI , véi moi M

¢ Trong tam tam giac
G 1a trong tAm tam gidc ABC < GA + GB+GC=0

< MA + MB + MC =3.MG v61i moi M
e Trong tam tir dién
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G la trong tam to dién ABCD < GA + GB + GC +GD =0
< MA + MB + MC + MD =4.MG, v61 moi M

Dang 3. VECTO CUNG PHUONG - VECTO PONG PHANG

1/ Sw dong phang ciia ba vecto
e Ba vecto goi 1a dong phiang néu cdc gid cua ching cling song song v&i mot mit
phang .
e Néutavé OA = 5,@ = B&? —¢ thi 5,5,5 dé)ng phéng < 4 diém O,A,B.C cung
ném trén mot mat phang < 3 duong thang OA,0B,0C ciing nam trén mot mit
phang . L
2/ Piéu kién dé ba vecto dong phang
e Cho hai vecto khong cling phuong a,b. Khi d6 ba vecto a,b,c ddng phang khi va
chi khi cé céc sb mn sao cho :c=m.a+nb Ngoai ra cdc s6 m,n 1a duy nhat.
e Néu a,b,c 1aba vecto khong dong phang thi voi vecto dbat ki ta déu tim duoc

cdc sb m,n,p sao cho d= ma+nb+pc ,ngodi ra m,n,p 1a duy nhat.

§ 2.HAI PUONG THANG VUONG GOC

I/ TICH VO HUONG CUA HAI VECTO TRONG KHONG GIAN
1/ Géc giira vecto trong khong gian
DINH NGHIA

Trong khong gian, cho u va v 12 hai vecto khdc vecto — khong. Ly mot diém A bat ki ,
goi B va C 1a hai diém sao cho AB=u,AC =v. Khi d6 ta g0i géc BAC (0° < géc BAC
< 180°) 1a géc gifta hai vecto u va v trong khong gian va ki hiéu 1a (u, v)

2/ Tlch VO hu’O’ng cia hai vecto

‘ H ‘COSU \Y%

- - -

3/ Tinh chat .Véi ba vecto a,b,cbatki trong khong gian ta ludn c6
eab=ba
ealb+c)=ab+ac
e (ka)b=k(a.b)=akb
ea >0 =0 a=0
4/ Vecto chi phwong ciia duwong thang
e Vecto a#0 dugc goi 12 vec to chi phuong cta dudng thang d néu gid cua vec to
asong song hodc trung voi d.
e Néu a la vec to chi phuong cta dudng thang d thi vec to ka voi k0 cling la vec
to chi phu’orngqcﬁa d. , , "
e Mot duong thang a trong khdng gian hoan toan dugc xdc dinh néu biét mdt diém
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A thuoc d va mot vec to chi phuong acta d.
5/ Mot so ing dung

e Tinh d¢ dai cia doan thang AB: AB = ‘ﬁ‘ = Héz

— —

e Xic dinh géc giita hai vec to u va ;/:cos(ﬁ,Q)z ﬁ
ul{v
IL.GOC GIUA HAI PUONG THANG
Géc gitta hai duong thang a,b bat ki 1 géc giira hai dudng thing a’,b’ ciing di qua
mot diém va 1an luot song song voi a va b.
111/ Hai dwdng thing vudng goc
e Hai dudng thang goi 1a vudng géc voi nhau néu géc gitra chiing bang 90°.
e Néu u va vlan luot 1a cdc vec to chi phuong cua hai dudng thang a va b thi
albeouv=0
e Néu a// b va ¢ vudng géc voi mot trong hai dudng thang d6 thi ¢ vudng géc véi
duong thang con lai.

allb
=clb
cla

Dangl.TINH GOC GIUA HAI PUONG THANG CHEO NHAU a VA b.

e Goc gitta hai dudng thang : Géc giira hai dudng thing A, va A, 1a géc gitra hai
duong thang A,/ va A, cling di qua mot diém va lan luot song song voi A va
A,.

e Hai duong thang goi 12 vudng géc voi nhau néu géc gitra chiing bang 90°.

Dang 2. TICH VO HUONG HAI VECTO

Dung cac hé thirc

—= =l A W
a.b= ‘a‘.‘b‘.cos(a,b), a’= ‘a‘

ab=ba, alp+c)=ab+ac, albeab=0

§ 3.PUONG THANG VUONG GOC VOI MAT PHANG

1/ Pinh nghia : Puong thang d goi 1a vudng géc voi mit phang (o) néu né vudng géc
voi moi dudong thang a nam trong mat phang (o) .
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2/ Pinh i :Néu mot duong thang d vuong géc voi hai duong thang cat nhau a,b cling
nam trong mat phang (P) thi du’O’ng thang d vudng géc voi mat phang (P).
3/ Lién hé giira quan hé vuong goc va quan hé song song
TC1
a/ Cho hai duong thing song song. Mit phang nao vudng géc v6i dudng thang nay thi
cling vudng gée voi dudng thing kia .
b/ Hai dudng thang phan biét ciing vudng géc voi mot mit phang thi song song v6i nhau
TC2
a/ Cho hai mit phang song song .Dudng thiang nao vudng géc v6i mit phiang ny thi
cling vudng géc voi mit phang kia.
b/ Hai mat phang phan biét cing vudng géc véi mot dudng thang thi song song voi
nhau.
TC3
a/ Cho duodng thiang a va mit phang (P) song song v4i nhau .Puodng thang nio vudng
goc voi (P) thi cting vudng goc voi a.
b/ Néu mot dudng thang va mot mit phang ( khong chira dudng thang d6 ) cling vudng
géc véi mot dudng thang thi ching song song voi nhau.
4/ Phép chiéu vudng goc va dinh i ba dwong vudng goc
a/ Dinh nghia . Cho dudng thang d vudng géc voi mit phang (o).Phép chiéu song song
theo phuong d 1én mit phang (o) dugc goi 1a phép chiéu vudng géc 1én mit phang (o).
b/ Pinh Ii ba dwong vudng géc. Cho dudng thing a nim trong mit phéng (o) vabla
duong thang khong thudc (o) dong thoi khong vudng géc véi (o). Goi b’ 13 hinh chiéu
vuong goc cua b trén (o). Khi dé a vudng goc voi b khi va chi khi a vuong goc voi b
c/ Goc giira du’(mg thing va mit phang
Cho duong thang d va mit phang (o).
e Néu duodng thiang d vudng géc v6i (o) thi ta ndi rang géc giira duong thang d va
mit phang (o) bang 90°.
e Néu duodng thang d khéng vudng géc véi mit phang (o) thi gée gitta d va hinh
chiéu d’ ciia né trén (o) dugc goi 1a géc gitra duong thang d va mit phing (o).
Luu y . Géc gitra dudng thang va mit phang khéng vuot qua 90°.

Dang 1. PUONG THANG VUONG GOC VOI MAT PHANG .

Mudn chimg minh dudng thang a vudéng géc véi mit phang (o) ta sir dung mot trong hai
céach sau:

Céich 1. Ching minh a vudng géc v6i hai dudng thang cit nhau nam trong (o)

Céch 2. Chirng minh a song song véi duong thang b ma b vudng géc véi (o).

Dang 2. CHUNG MINH HAI PUONG THANG VUONG GOC

- Mudn chitng minh duong thang a vudng géc véi dudng thang b, ta tim mit phang (B)
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chtra duong théng b sao cho viéc chitng minh a vudng géc véi (B) dé thuc hién.
- St dung dinh li ba dudng vudng gbc.

Dang 3. GOC CUA PUONG THANG VA MAT PHANG
e Néu dudng thang a vudng géc véi mit phang (P) thi ta néi ge giita a va (P) bing
90",
e Néu du’orng thang a khong vudng géc voi mit phang (P) thi géc giira a va hinh
chiéu a’ ctia n6 trén (P) goi 1a goc glu’a a va (P).

§ 4. HAI MAT PHANG VUONG GOC

I/ GOC GIUA HAI MAT PHANG

Géc gitra hai mit phang 12 géc giita hai duong thang a,b 1an lugt vudng géc voi hai mat
phang dé.

Céch tim Géc giira hai mat phang (o) va (B)

Cach 1.

Tim giao tuyén d= (0)N(P)

Tim Ox c(a), Oyc(PB) cung vudng géc voi d tai O.

Néu xOy <90° thi d6 1a géc ciia (o)) va (P)

Néu xOy > 90" thi géc ciia (o) va (B) bang 180° - xOy

Céach 2.Néu (o) va (B) 1an luot chira hai tam gidgc ACD, BCD c¢6 ciing canh ddy CD thi
goi I 1a trung diém cua CD ,ta ¢6 AI L CD,BI L CD.Tir d6 tinh géc AIB

Céch 3. Dién tich hinh chiéu : S'=S. coso.

II/ HAI MAT PHANG VUONG GOC

1/ Pinh nghia .Hai mit phang («) va (B) goi 1a vudng géc voi nhau néu géc gitra hai mat
phang d6 1a géc vudng.

2/ Tinh chét

a/ Diéu kién can va du dé hai mat phang vudng géc voi nhau 1a mit phiang nay chira mot
duong thang vuong goc voi mat phang kia.

b/ Néu hai mit phang vudng géc véi nhau thi bét ki duong thang nio ndm trong mit
phang nay va vuong goc voi giao tuyén thi s& vudng goc voi mat phang kia.

¢/ Cho hai mit phang (o) va (B) vudng goc voi nhau. Néu tir mot diém thudc mit phang
(o)) ta dung mot duong thang vudng géc véi mat phang (B) thi duong thang nay nam
trong mit phang (o).

d/ Néu hai mit phang cit nhau va ciing vudng géc voi mit phing thir ba thi giao tuyén
ctia ching vudng géc véi mit phang thi ba dé.

I1I/ HINH LANG TRU PUNG, HINH HQP CHU NHAT, HINH LAP PHUONG
Hinh lang try ding 1a hinh lang tru ¢6 cic canh bén vudng géc vdi cdc mat day.

Hinh hdp chit nhat 1a hinh lang tru dimg c6 ddy 1a hinh chir nhat.

Hinh 1ap phuong 12 hinh ling tru dmg c6 ddy 1a hinh vudng va cdc mit bén déu 13 hinh
vuong.
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IV/ HINH CHOP PEU VA HINH CHOP CUT PEU

Hinh chép déu 1a hinh chép c6 ddy 1a mot da gidc déu c6 chan dudng cao tring véi tim
cua da gidc ddy.

Phén cta hinh chép déu niam giita ddy va mot thiét dién song song voi ddy ct tat ca cdc
canh bén cua hinh chép déu duoc goi l1a hinh chép cut déu.

Hai ddy cua hinh chép cut déu 1 hai da gidc déu dong dang véi nhau.

Dang 3. PUONG THANG VUONG GOC VOI MAT PHANG .

Néu hai mat phéng (P) va (Q) vudng g6c nhau. (P) cat (Q) theo giao tuyén d
(o) L (B)

(@ B)=d_
ac(p)

ald
B)n(y)=a
28B)L(a) =al(a)
(v) L (o)

1/ al(a)

§ 5. KHOANG CACH

I/ KHOANG CACH TU MOT PIEM PEN MOT PUONG THANG, PEN MOT
MAT PHANG
1/ Khoang céach tir mét diém dén mot dwong thing

Cho mot diém O va duong thang a. Trong mit phang (O,a) goi H 12 hinh chiéu cua O
trén a. Khi d6 khoang céch gitra hai diém O va H duoc goi 1a khoang céch tir diém O
dén duong thang a, ki hiéu 1a d(O,a).
2/ Khoang cach tir mdt diém dén mét mit phang

Khoang cich tir diém O dén mit phang (o) 1a khoang céch gitta hai diém O va H, véi
H 12 hinh chiéu Vuong goc cua O trén (o), ki hiéu la d(O,(a)).
II/ KHOANG CACH GIUA PUONG THANG MAT PHANG SONG SONG,
GIUA HAI MAT PHANG SONG SONG
1/ Khoang cach giira dwong thang va mit phiang song song

Khoang cich giita duong thang a va mit phang (o) song song véi a 1a khoang cich
mot diém bat ki thudc a t&i mat phéng (o), ki hiéu 1a d(a,(v)).
2/ Khoang cach giira hai mat phang song song

Khoang céach glu’a hai mit phang song song (o) va (B) 1a khoang céach tir mot diém
bat ki cia mit phang nay dén mat phang kia, ki hiéu 1a d((a),(B)).
III/ PUONG VUONG GOC CHUNG VA KHOANG CACH GIUA HAI PUONG
THANG CHEO NHAU
1/ Pinh nghia
a/ Puong thang A cat hai duong thang chéo nhau a, b va cliing vudng géc voi mdi dudng
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thang ay duoc goi 1a duong vudng géc chung cia a va b.
b/ Néu duong vudng géc chung A cit ca hai dudng thang chéo nhau a va b 1an luot tai
M,N thi d6 dai doan thang MN goi 1a khoang cdch giita hai dudng thing chéo nhau a va
b.
2/ Cach tim dwdng vudng goc chung ciia hai dwong thing chéo nhau

Cho hai dudng thang chéo nhau a va b. Goi (B) 12 mit phang chira b va song song véi
a, a’ 12 hinh chiéu vuéng géc cta a trén mit phang B).
Vi a// (B) nén a//a’. Do d6 a’ va b cit nhau tai mot diém.
Goi diém nay 12 N. Goi (o) 12 mat phang chira a va a’.
Ala duong thang di qua N va vudng géc véi (B). Khi d6 (o) vudng géc voi (B).
Vay A nam trong (o) nén cat dudong thang b tai N, dong thoi A cling vudng gée voi ca a
va b. Do d6 A la dudong vudng géc chung ciia va b.
3/ Nhan xét
a/ Khoang cach giira hai duong thang chéo nhau bang khoang cdch giira mot trong hai
duong thang d6 dén mat phang song song véi né chira dudng thing kia.
b/ Khoang cdch giira hai dudng thang chéo nhau bang khoang céch giita hai mit phang
song song va 1an luot chira hai dudng thang dé.

Dang 1. KHOANG CACH TU MOT DIEM DEN MOT MAT
PHANG

Dé tinh khoang céch tir diém O dén mit phang (P), ta lam nhu sau:
- Dung doan OH vudng géc vai (P).
- Tinh doan OH.

Dang 2 . KHOANG CACH GIUA MQT DPUONG THANG VA MOT
MAT PHANG SONG SONG - KHOANG CACH GIUA HAI MAT
PHANG SONG SONG

1/ Pé tinh khoang céch tir dwdng thang a dén mp(P) song song véi a :
- Taldy mot diém M trén a.
- Tinh khoang céch tir diém M dén (P).
2/ Pé tinh khoéng cach giira hai mit phing song song (P) va (Q) :
- Taldy diém M tuy ¥ trén (P) .
- Tinh khoang céch tir M dén (Q).

Dang 3. KHOANG CACH TU MOT PIEM PEN MOT DPUONG
THANG NAM TRONG MOT MAT PHANG .

Tinh khoang cich tir diém O dén dudng thang a nim trén mp(P):
- V€ OI vudng goc vai (P) thi IH vudng goc a.
- Tinh OI ,IH suy ra OH

Dang 4 KHOANG CACH GIUA HAI PUONG THANG CHEO NHAU

Cach tim doan vudng géc chung cua hai dudng thang chéo nhau a va b
Cach 1. Dung mét phang song song
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- Dung mp(P) qua b va song song voi a.

- Lay diém M thudc a, chiéu xuong (P) thanh N

- Tu N dung duong thang b//a,bcatatail

- Tu I dung duong thiang song song v&i MN cit a tai J thi IJ 1a doan vudng géc

chung cua a vab.

Cich 2. Dung mit phang vudng géc

- Duyng mp(P) vudng goc voi a tai O.

- Chiéu b xudng (P) thanh b'.

- Dung OH vudng goc b

- Tu H dung duong thang song song voi a, cat btail.

- T J dung dudng thang song song voi OH, cit a tai I thi IJ 1a doan vudng géc

chung cua a vab.

Céch 3.Néu biét a vudng géc véi b

- Dung mp(P) qua b va vudng géc vdi a tai L.

- Trong (P) , dyng IJ vudng g6c voi b thi 1J 1a doan vudng géc chung.
Cach 4.Néu tir dién ABCD c6 hai cap canh dbi bang nhau ( AD= BC AC= BD) thi doan
vudng géc chung cua cidp canh thit ba ( AB va CD) 1a doan thang ndi trung diém 1, J cta
chung.
Céach 5.Néu c6 mot dudng thang d vudng géc véi ca a va b thi d // 1T . Dya vao mp(1J,d)
ta xac dinh vitri caa I va J.
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